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1 Introduction
Compression of information is a central concept in information theory, originating in the pioneering
work of Shannon [Sha]. Shannon showed that in asymptotic and i.i.d. setting, compression of
messages upto the Shannon entropy of the source could be achieved with arbitrarily small error.
This result was soon extended to the one-shot setting by Huffman [Huf52], who gave a zero error
coding scheme, now known as the Huffman coding scheme, that achieved a compression of expected
length of the message upto Shannon entropy of the source.

The notion of expected length of the message was further explored in the work by [HJMR10].
They considered the following task: Alice and Bob know a joint distribution p(x, y). Alice is
given an input x and Bob needs to output the conditional distribution p(y|x). They gave a
nearly tight characterization of the communication requirement of this task in terms of themutual
information (I(X : Y )), showing that the expected communication cost for this task is upper bounded
by I(X : Y ) + 2 log I(X : Y ) + O(1) and lower bounded by I(X : Y ). Their result also gave an
operational interpretation to the relative entropy through a task where Alice is given a distribution
P , both Alice and Bob are given a distribution Q and they need to jointly sample from a distribution
P ′ that satisfies ‖P ′ − P‖1 ≤ ε. In the work [BR11], the task was simplified to the case where
only Bob knows Q and the authors gave an interactive protocol with expected communication cost
D(P‖Q) +

√
D(P‖Q) + O(log 1

ε ). Not only did these results give elegant operational interpretation
to fundamental information theoretic quantities in one-shot setting, they also had implications for
direct sum results in communication complexity. Following theorem was shown in [BR11] (with
analogous result for product input distribution shown earlier in [HJMR10]):

Theorem 1.1 (Corollary 2.5, Braverman and Rao [BR11]; see also Result 3, [HJMR10]). Let C be
the communication complexity of the best protocol for computing a relation f with error δ on inputs
drawn from a distribution µ. Then any r round protocol computing f⊗n on the distribution µ⊗n

with error δ − ε must involve at least Ω(n(C − r · log(1
ε )−O(

√
C · r))) communication.

In quantum information theory, two-party communication protocols are typically of two kinds:
non-coherent protocols and coherent protocols. In non-coherent protocols, a well known example
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of which is the Schumacher compression [Sch95], the parties do not need to maintain a quantum
correlation with the Referee. There are various one-shot protocols that are formulated in non-
coherent setting and also have applications for direct sum results in one-way quantum communication
complexity ([JRS05, JRS08, AJM+14]).

In the case of coherent protocols, the parties are required to maintain a quantum correlation
with the Referee. This is seen, for example, in the case of Quantum state merging [HOW07], where
Alice (A), Bob (B) and Referee (R) share a pure tripartite quantum state ΨRAB and Alice needs to
send her register A to Bob (with the aid of shared entanglement) such that the final state between
Referee and Bob is ΨRA′B (where register A′ ≡ A held by Bob). A generalization of Quantum state
merging is the task of Quantum state redistribution, which very nicely captures the round by round
interaction of quantum communication protocols.

Quantum state redistribution : A pure state ΨRBCA is shared between Alice (A,C), Bob(B)
and Referee(R). For a given ε > 0, which we shall henceforth identify as ‘error’, Alice needs to
transfer the system C to Bob, such that the final state Ψ′RBC0A

(where register C0 ≡ C is with
Bob), satisfies P(Ψ′RBC0A

,ΨRBC0A) ≤ ε. Here, P(., .) is the purified distance.

This task has been well studied in literature in asymptotic setting ([DY08, Opp08, YBW08,
YD09]), giving an operational interpretation to the quantum conditional mutual information (de-
noted as I(R : C |B)Ψ), and more recently in one shot-setting ([DHO16, BCT16, AJD14]). It has
been used by Touchette [Tou15] as a natural framework to define the notion of quantum information
complexity (inspired by the notion of Information complexity, formally introduced in [Bra12]), with
application to direct sum result in bounded-round entanglement assisted quantum communication
complexity. Following is the main theorem in [Tou15]:

Theorem 1.2 (Touchette [Tou15], Theorem 3). Let C be the quantum communication complexity
of the best entanglement assisted protocol for computing a relation f with error δ on inputs drawn

from a distribution µ. Then any r round entanglement assisted protocol computing f⊗n on the
distribution µ⊗n with error δ − ε must involve at least Ω(n(( εr )2 · C − r)) quantum communication.

This theorem uses the one-shot upper bound of O( I(R:C |B)Ψ
ε2 ) on worst case quantum communi-

cation cost for Quantum state redistribution (as obtained in [ Tou15] using the one-shot results in
[BCT16]), which leads to a stronger dependence on the number of rounds, in comparision to Theo-
rem 1.1. A natural way to improve upon the theorem is to consider the expected communication
cost of Quantum state redistribution.

Our results

In this work, we study the expected communication cost of Quantum state redistribution; taking in-
spiration from the elegant one-shot operational interpretations of fundamental information theoretic
quantities provided in [Huf52],[HJMR10] and [BR11], and to explore the possibility of improvement
of Theorem 1.2. We find that, in contrast to the classical case, the expected communication cost is
not much better than the worst case communication cost. Our main theorem is the following.

Theorem 1.3. Fix a p < 1 and an ε ∈ [0, ( 1
70)

4
1−p ]. There exists a pure state ΨRBCA (that depends

on ε) such that, any interactive entanglement assisted communication protocol for its quantum state
redistribution with error ε requires expected communication cost at least I(R : C |B)Ψ · (

1
ε )p.
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For the special case where registers A,B are absent, which is also known as Quantum state
transfer and is the one-shot coherent analogue of Schumacher compression [Sch95], we obtain a
similar result with slightly better constants.

Theorem 1.4. Fix a p < 1 and any ε ∈ [0, (1
2)

15
1−p ]. There exists a pure state ΨRC (that depends

on ε) such that, any interactive entanglement assisted communication protocol for its quantum state
transfer with error ε requires expected communication cost at least S(ΨR) · (1

ε )p.

Note that Theorem 1.4 in itself is sufficient to given a lower bound on expected communication
cost of Quantum state redistribution, as Quantum state transfer is a special case. But the state
ΨRBCA that we consider in Theorem 1.3 has all registers R,A,B,C non-trivial and correlated with
each other. Thus, Quantum state redistribution of ΨRBCA cannot be reduced to the sub-case of
Quantum state transfer by any local operation, giving robustness to the bound.

A result similar to Theorem 1.4, but in the context of non-coherent quantum protocols, has been
obtained recently in [AGHY16]. This can be viewed as a complementary work in the following sense:
on one hand, it is stronger since non-coherent quantum protocols are less restrictive that coherent
quantum protocols. On the other hand, it is weaker due to the presence of round dependence
(Theorem 1.2, [AGHY16]) and error that depends on input size (Theorem 1.3, [AGHY16]), none of
which are present in Theorem 1.4. Moreover, this work does not provide an analogue of Theorem
1.3.

Our technique and organization

We discuss our technique for the case of Quantum state transfer, for simplicity. For some β > 1, we
choose the pure state ΨRC in such a way that its smallest eigenvalue is 1

dβ and entropy of ΨR is at
most 2 log(d)

β (d being dimension of register R, see Lemma A.15). Let ωRC be a maximally entangled

state defined as |ω〉RC = Ψ
− 1

2
R√
d
|Ψ〉RC . For any interactive protocol P for quantum state transfer

of ΨRC with error ε and expected communication cost C (formally described in Appendix B), we
obtain an expression that serves as a transcript of the protocol, encoding the unitaries applied by
Alice and Bob and the probabilities of measurement outcomes (Corollary B.5, see also Lemma B.3).
This expression takes ideas from the technique of convex-split, introduced in [AJD14], for one-way
Quantum state redistribution protocols.

Then, crucially relying on the facts that ΨRC is a pure state and the register R is untouched
by the protocol (which allows the operation ρ → Ψ−

1
2

R ρΨ−
1
2

R to be performed on the register R,
see Lemmas C.3 and C.4), we construct a new interactive protocol P′ which achieves quantum
state transfer of the state ωRC with error

√
βε + √µ (for any µ < 1) and worst case quantum

communication cost at most Cµ (Lemmas C.5 and C.6). Suitably choosing the parameters ε, β and
µ and using known lower bound on worst case communication cost for state transfer of ωRC , we
obtain the desired result. Same technique also extends to quantum state redistribution. Details
appear in Appendix C (and can also be found in the arXiv version [Ans15])

Some questions related to our work are as follows.

1. What are some applications of Theorems 1.3 and 1.4 in quantum information theory? An
immediate application is that we obtain a lower bound on worst case communication cost
of Quantum state redistribution, since worst case communication cost is always larger than
expected communication cost of a protocol.
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2. Is it possible to improve the direct sum result for entanglement assisted quantum information
complexity obtained in [Tou15]? The work [AGHY16] provides yet another limitation to
such an improvement. But it may be possible to compress the whole protocol, rather than
round-by-round compression, along the lines similar to [BBCR10].
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A Preliminaries
In this section we present some notations, definitions, facts and lemmas that we will use in our
proofs.

Information theory

For a natural number n, let [n] represent the set {1, 2, . . . , n}. For a set S, let |S| be the size of
S. A tuple is a finite collection of positive integers, such as (i1, i2 . . . ir) for some finite r. We let
log represent logarithm to the base 2 and ln represent logarithm to the base e. The `1 norm of an
operator X is ‖X‖1

def= Tr
√
X†X and `2 norm is ‖X‖2

def=
√

TrXX†. A quantum state (or just a
state) is a positive semi-definite matrix with trace equal to 1. It is called pure if and only if the
rank is 1. Let |ψ〉 be a unit vector. We use ψ to represent the state and also the density matrix
|ψ〉〈ψ|, associated with |ψ〉.

A sub-normalized state is a positive semidefinite matrix with trace less than or equal to 1.
A quantum register A is associated with some Hilbert space HA. Define |A| def= dim(HA). We
denote by D(A), the set of quantum states in the Hilbert space HA and by D≤(A), the set of all
subnormalized states on register A. State ρ with subscript A indicates ρA ∈ D(A).

For two quantum states ρ and σ, ρ ⊗ σ represents the tensor product (Kronecker product) of
ρ and σ. Composition of two registers A and B, denoted AB, is associated with Hilbert space
HA ⊗HB. If two registers A,B are associated with the same Hilbert space, we shall denote it by
A ≡ B. Let ρAB be a bipartite quantum state in registers AB. We define

ρB
def= TrA(ρAB) def=

∑
i

(〈i| ⊗ 1B)ρAB(|i〉 ⊗ 1B),

where {|i〉}i is an orthonormal basis for the Hilbert space A and 1B is the identity matrix in
space B. The state ρB is referred to as the marginal state of ρAB in register B. Unless otherwise
stated, a missing register from subscript in a state will represent partial trace over that register.
A quantum map E : A → B is a completely positive and trace preserving (CPTP) linear map
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(mapping states from D(A) to states in D(B)). A completely positive and trace non-increasing
linear map Ẽ : A → B maps quantum states to sub-normalised states. The identity operator in
Hilbert space HA (and associated register A) is denoted IA. A unitary operator UA : HA → HA is
such that U †AUA = UAU

†
A = IA. An isometry V : HA → HB is such that V †V = IA and V V † = IB.

The set of all unitary operations on register A is denoted by U(A).

Definition A.1. We shall consider the following information theoretic quantities. Let ε ≥ 0.

1. generalized fidelity For ρ, σ ∈ D≤(A),

F(ρ, σ) def=
∥∥√ρ√σ∥∥1 +

√
(1− Tr(ρ))(1− Tr(σ)).

2. purified distance For ρ, σ ∈ D≤(A),

P(ρ, σ) =
√

1− F2(ρ, σ).

3. ε-ball For ρA ∈ D(A),

Bε(ρA) def= {ρ′A ∈ D(A)| P(ρA, ρ′A) ≤ ε}.

4. entropy For ρA ∈ D(A),
H(A)ρ

def= −Tr(ρA log ρA).

5. relative entropy For ρA, σA ∈ D(A),

D(ρA‖σA) def= Tr(ρA log ρA)− Tr(ρA log σA).

6. max-relative entropy For ρA, σA ∈ D(A),

Dmax(ρA‖σA) def= inf{λ ∈ R : 2λσA ≥ ρA}.

7. mutual information For ρAB ∈ D(AB),

I(A : B)ρ
def= D(ρAB‖ρA ⊗ ρB) = H(A)ρ + H(B)ρ −H(AB)ρ .

8. conditional mutual information For ρABC ∈ D(ABC),

I(A : B |C)ρ
def= I(A : BC)ρ − I(A : C)ρ = I(B : AC)ρ − I(B : C)ρ .

9. max-information For ρAB ∈ D(AB),

Imax(A : B)ρ
def= infσB∈D(B)Dmax(ρAB‖ρA ⊗ σB) .

10. smooth max-information For ρAB ∈ D(AB),

Iεmax(A : B)ρ
def= infρ′∈Bε(ρ)Imax(A : B)ρ′ .
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11. conditional min-entropy For ρAB ∈ D(AB),

Hmin(A|B)ρ
def= −infσB∈D(B)Dmax(ρAB‖IA ⊗ σB) .

12. conditional max-entropy For ρAB ∈ D(AB),

Hmax(A|B)ρAB
def= −Hmin(A|R)ρAR ,

where ρABR is a purification of ρAB for some system R.

13. smooth conditional min-entropy For ρAB ∈ D(AB),

Hε
min(A|B)ρ

def= sup
ρ′∈Bε(ρ)

Hmin(A|B)ρ′ .

14. smooth conditional max-entropy For ρAB ∈ D(AB),

Hε
max(A|B)ρ

def= infρ′∈Bε(ρ)Hmax(A|B)ρ′ .

We will use the following facts.

Fact A.2 (Triangle inequality for purified distance, [Tom12]). For states ρ1
A, ρ

2
A, ρ

3
A ∈ D(A),

P(ρ1
A, ρ

3
A) ≤ P(ρ1

A, ρ
2
A) + P(ρ2

A, ρ
3
A).

Fact A.3 (Purified distance and trace distance, [Tom12], Proposition 3.3). For subnormalized
states ρ1, ρ2

1
2‖ρ1 − ρ2‖1 ≤ P(ρ1, ρ2) ≤

√
‖ρ1 − ρ2‖1.

Fact A.4 (Uhlmann’s theorem). [[Uhl76]] Let ρA, σA ∈ D(A). Let |ρ〉AB be a purification of ρA
and |σ〉AC be a purification of σA. There exists an isometry V : HC → HB such that,

F(|θ〉〈θ|AB , |ρ〉〈ρ|AB) = F(ρA, σA),

where |θ〉AB = (IA ⊗ V ) |σ〉AC .

Fact A.5 (Monotonicity of quantum operations). [[Lin75, BCF+96], [Tom12], Theorem 3.4] For
states ρ, σ, and quantum operation E(·),

‖E(ρ)− E(σ)‖1 ≤ ‖ρ− σ‖1 ,P(ρ, σ) ≤ P(E(ρ),E(σ)) and F(ρ, σ) ≤ F(E(ρ),E(σ)).

In particular, for a trace non-increasing completely positive map Ẽ(·),

P(ρ, σ) ≤ P(Ẽ(ρ), Ẽ(σ)).

Fact A.6 (Join concavity of fidelity). [[Wat11], Proposition 4.7] Given quantum states ρ1, ρ2 . . . ρk, σ1, σ2 . . . σk ∈
D(A) and positive numbers p1, p2 . . . pk such that

∑
i pi = 1. Then

F(
∑
i

piρi,
∑
i

piσi) ≥
∑
i

piF(ρi, σi).
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Fact A.7. Let ρ, σ ∈ D(A) be quantum states. Let α < 1 be a positive real number. If P(αρ, ασ) ≤
ε, then

P(ρ, σ) ≤ ε
√

2
α
.

Proof. P(αρ, ασ) ≤ ε implies F(αρ, ασ) ≥
√

1− ε2 ≥ 1−ε2. But, F(αρ, ασ) = α‖√ρ
√
σ‖1 +(1−α).

Thus,

F(ρ, σ) = ‖√ρ
√
σ‖1 ≥ 1− ε2

α
.

Thus, P(ρ, σ) ≤
√

1− (1− ε2

α )2 ≤
√

2ε2
α .

Fact A.8 (Fannes inequality). [[Fan73]] Given quantum states ρ1, ρ2 ∈ D(A), such that |A| = d
and P(ρ1, ρ2) = ε ≤ 1

2e ,
|S(ρ1)− S(ρ2)| ≤ ε log(d) + 1.

Fact A.9 (Subadditivity of entropy). [[AL70]] For a quantum state ρAB ∈ D(AB), |S(ρA) −
S(ρB)| ≤ S(ρAB) ≤ S(ρA) + S(ρB).

Fact A.10 (Concavity of entropy). [[Wat11], Theorem 10.9] For quantum states ρ1, ρ2 . . . ρn, and
positive real numbers λ1, λ2 . . . λn satisfying

∑
i λi = 1,

S(
∑
i

λiρi) ≥
∑
i

λiS(ρi).

Fact A.11. For a quantum state ρABC , it holds that

I(A : C)ρ ≤ 2S(ρC),

I(A : C |B)ρ ≤ I(AB : C)ρ ≤ 2S(ρC).

Proof. From Fact A.9, I(A : C)ρ = S(ρA) + S(ρC)− S(ρAC) ≤ 2S(ρC).

Fact A.12. For a bipartite quantum state ρAB, Iεmax(A : B)ρ ≥ −Hε
min(A|B)ρ.

Proof. Let σB be the state achieved in infimum in the definition of Imax (A : B)ρ. Let λ def=
Imax(A : B)ρ. Consider,

ρAB ≤ 2λρA ⊗ σB ≤ 2λIA ⊗ σB.

Thus, we have

−Hmin(A|B)ρ = infσ′B∈D(B)Dmax
(
ρAB

∥∥IA ⊗ σ′B) ≤ Dmax(ρAB‖IA ⊗ σB) ≤ λ = Imax(A : B)ρ .

This gives,
infρ′AB∈Bε(ρAB) −Hmin(A|B)ρ′ ≤ Iεmax(A : B)ρ .

Fact A.13. For a classical-quantum state ρAB of the form ρAB =
∑
j p(j) |j〉〈j|A ⊗ σ

j
B, it holds

that Imax(A : B)ρ ≤ log(|B|).
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Proof. By definition, Imax(A : B)ρ ≤ Dmax
(
ρAB

∥∥∥ρA ⊗ IB
|B|

)
. Also,

ρAB =
∑
j

p(j) |j〉〈j|A ⊗ σ
j
B ≤ |B|

∑
j

p(j) |j〉〈j|A ⊗
IB
|B|

= |B|ρA ⊗
IB
|B|

.

Thus, the fact follows.

Fact A.14. For a classical-quantum state ρABC =
∑
j p(j) |j〉〈j|A⊗ρ

j
BC , it holds that I(AB : C)ρ ≥∑

j p(j)I(B : C)ρj

Proof. Consider,

I(AB : C)ρ = S(ρAB) + S(ρC)− S(ρABC)

= S(
∑
j

p(j) |j〉〈j|A ⊗ ρ
j
B) + S(

∑
j

p(j)ρjC)− S(
∑
j

p(j) |j〉〈j|A ⊗ ρ
j
BC)

=
∑
j

p(j)S(ρjB) + S(
∑
j

p(j)ρjC)−
∑
j

p(j)S(ρjBC)

≥
∑
j

p(j)S(ρjB) +
∑
j

p(j)S(ρjC)−
∑
j

p(j)S(ρjBC) (Fact A.10)

=
∑
j

p(j)I(B : C)ρj

Lemma A.15. Fix a β ≥ 1 and an integer d > 1. There exists a probability distribution µ =
{e1, e2 . . . ed}, with e1 ≥ e2 . . . ≥ ed, such that ed = 1

dβ and entropy S(µ) ≤ 2 log(d)
β

Proof. Set e2 = e3 = . . . ed = 1
dβ . Then e1 = 1− d−1

dβ . Using x log( 1
x) ≤ log(e)

e < 1 for all x > 0, we
can upper bound the entropy of the distribution as∑

i

ei log( 1
ei

) = (1− d− 1
dβ

) log( 1
1− d−1

dβ

) + d− 1
dβ

log(dβ) < 2 + log(d)
β
≤ 2log(d)

β
.

B Interactive protocol for quantum state redistribution
In this section, we describe general structure of an interactive protocol for quantum state redistri-
bution and its expected communication cost.

Let quantum state |Ψ〉RBCA be shared between Alice (A,C), Bob (B) and Referee (R). Alice
and Bob have access to shared entanglement θEAEB in registers EA (with Alice) and EB (with
Bob). Using quantum teleportation, we can assume without loss of generality that Alice and Bob
communicate classical messages, which involves performing a POVM measurement on registers they
respectively hold, and sending the outcome of measurement to other party. This allows for the
notion of expected communication cost.

A r-round interactive protocol P (where r is an odd number) with error ε and expected com-
munication cost C is as follows (see also Figure 1)
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Input: A quantum state |Ψ〉RBCA, error parameter ε < 1.
Shared entanglement: |θ〉EAEB .

• Alice performs a measurementM = {M1
ACEA

,M2
ACEA

. . .}. Probability of outcome i1 is
pi1

def= Tr(M i1
ACEA

ΨCA ⊗ θEA). Let φi1RBACEAEB be the global normalized quantum state,
conditioned on this outcome. She sends message i1 to Bob.

• Upon receiving the message i1 from Alice, Bob performs a measurement

Mi1 = {M1,i1
BEB

,M2,i1
BEB

. . .}.

Probability of outcome i2 is pi2|i1
def= Tr(M i2,i1

BEB
φi1BEB). Let φi2,i1RBACEAEB

be the global
normalized quantum state conditioned on this outcomei2 and previous outcome i1. Bob
sends message i2 to Alice.

• Consider any odd round 1 < k ≤ r. Let the measurement outcomes in previous rounds
be i1, i2 . . . ik−1 and global normalized state be φik−1,ik−2...i1

RBACEAEB
. Alice performs the measure-

mentMik−1,ik−2...i2,i1 = {M1,ik−1,ik−2...i2,i1
ACEA

,M
2,ik−1,ik−2...i2,i1
ACEA

. . .} and obtains outcome ik
with probability pik|ik−1,ik−2...i2,i1

def= Tr(M ik,ik−1,ik−2...i2,i1
ACEA

φ
ik−1,ik−2...i1
AXEA

). Let the global
normalized state after outcome ik be φik,ik−1,ik−2...i1

RBACEBEA
. Alice sends the outcome ik to Bob.

• Consider an even round 2 < k ≤ r. Let the measurement outcomes in previous rounds be
i1, i2 . . . ik−1 and global normalized state be φik−1,ik−2...i1

RBACEAEB
. Bob performs the measurement

Mik−1,ik−2...i2,i1 = {M1,ik−1,ik−2...i2,i1
BEB

,M
2,ik−1,ik−2...i2,i1
BEB

. . .}

and obtains outcome ik with probability

pik|ik−1,ik−2...i2,i1
def= Tr(M ik,ik−1,ik−2...i2,i1

BEB
φ
ik−1,ik−2...i1
BEB

).

Let the global normalized state after outcome ik be φ
ik,ik−1,ik−2...i1
RBACEBEA

. Bob sends the outcome
ik to Alice.

• After receiving message ir from Alice at the end of round r, Bob applies a unitary
U bir,ir−1...i1 : BEB → BC0TB such that EB ≡ C0TB and C0 ≡ C. Alice applies a unitary
Uair,ir−1...i1 : ACEA → ACEA. Let Uir,ir−1...i1

def= Uair,ir−1...i1 ⊗ U
b
ir,ir−1...i1 . Define∣∣∣τ ir,ir−1...i1

〉
RBACC0TBEA

def= Uir,ir−1...i1

∣∣∣φir,ir−1...i1
〉
RBACEBEA

.

• For every k ≤ r, define

pi1,i2...ik
def= pi1 · pi2|i1 · pi3|i2,i1 . . . pik|ik−1,ik−2...i1 .

11
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The joint state in registers RBC0A, after Alice and Bob’s final unitaries and averaged over
all messages is Ψ′RBC0A

def=
∑
ir,ir−1...i1 pi1,i2...irτ

ir,ir−1...i1
RBC0A

. It satisfies P(Ψ′RBC0A
,ΨRBC0A) ≤

ε.

The expected communication cost is as follows.

Fact B.1. Expected communication cost of P is∑
i1,i2...ir

pi1,i2...ir log(i1 · i2 . . . ir)

Proof. The expected communication cost is the expected length of the messages over all probability
outcomes. It can be evaluated as∑

i1

pi1 log(i1) +
∑
i1,i2

pi1pi2|i1 log(i2) + . . .
∑

i1,i2...ir

pi1,i2...ir−1pir|ir−1,ir−2...i1 log(ir)

=
∑

i1,i2...ir

pi1,i2...ir(log(i1) + log(i1) + . . . log(ir)).

This allows us to define

Definition B.2. Communication weight of a probability distribution {p1, p2 . . . pm} is de-
fined as

∑m
i=1 pi log(i).

The following lemma is a coherent representation of above protocol.

Lemma B.3. For every k ≤ r, let Ok represent the set of all tuples (i1, i2 . . . ik) which satisfy:
{i1, i2 . . . ik} is a sequence of measurement outcomes that occurs with non-zero probability upto k-th
round of P.

There exist registers M1,M2 . . .Mr and isometries

{Uik−1,ik−2...i2,i1 : ACEA → ACEAMk|k > 1, k odd , (i1, i2 . . . ik−1) ∈ Ok−1},

{Uik−1,ik−2...i2,i1 : BEB → BEBMk|k even , (i1, i2 . . . ik−1) ∈ Ok−1}

and U : ACEA → ACEAM1, such that

|Ψ〉RBCA |θ〉EAEB = U †
∑

i1,i2...ir

√
pi1,i2...irU

†
i1
U †i2,i1 . . . U

†
ir,ir−1...i1

∣∣∣τ ir,ir−1...i1
〉
RBCAC0TBEA

|ir〉Mr
. . . |i1〉M1

.
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Referee Alice Bob

ΨRBAC

R A C B

θEAEB

EA EB

MACEA

i1

Mi1
BEB

i2

ir

Uair,ir−1...i1

A C EA

U bir,ir−1...i1

TB C0 B

Ψ′RAC0B

Figure 1: Graphical representation of interactive protocol for Quantum state redistribution. The
messages i1, i2 . . . are exchanged by Alice and Bob till round r.
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Proof. Fix an odd k > 1. Let the messages prior to k−th round be (i1, i2 . . . ik−1). As defined in
protocol P, global quantum state before k-th round is φik−1,ik−2...i1

RBCAEAEB
. Alice performs the measurement

{M1,ik−1,ik−2...i2,i1
ACEA

,M
2,ik−1,ik−2...i2,i1
ACEA

. . .}.

This leads to the following equation (referred to as convex-split in [AJD14]):

φ
ik−1,ik−2...i1
RBEB

=
∑
ik

TrACEA(M ik,ik−1,ik−2...i2,i1
ACEA

φ
ik−1,ik−2...i1
RBCAEBEA

)

=
∑
ik

pik|ik−1,ik−2...i2,i1

TrACEA(M ik,ik−1,ik−2...i2,i1
ACEA

φ
ik−1,ik−2...i1
RBCAEBEA

M
ik,ik−1,ik−2...i2,i1
ACEA

)
pik|ik−1,ik−2...i2,i1

=
∑
ik

pik|ik−1,ik−2...i2,i1φ
ik,ik−1,ik−2...i2,i1
RBEB

(1)

A purification of φik−1,ik−2...i1
RBEB

on registers RBCAEBEA is φik−1,ik−2...i1
RBCAEBEA

. Introduce a register
Mk (of sufficiently large dimension) and consider the following purification of∑

ik

pik|ik−1,ik−2...i2,i1φ
ik,ik−1,ik−2...i2,i1
RBEB

on register RBCAEBEAMk :∑
ik

√
pik|ik−1,ik−2...i2,i1

∣∣∣φik,ik−1,ik−2...i2,i1
〉
RBCAEBEA

|ik〉Mk
.

By Uhlmann’s theorem A.4, there exists an isometryUik−1,ik−2...i2,i1 : ACEA → ACEAMk such
that

Uik−1,ik−2...i2,i1

∣∣∣φik−1,ik−2...i1
〉
RBCAEBEA

=
∑
ik

√
pik|ik−1,ik−2...i2,i1

∣∣∣φik,ik−1,ik−2...i2,i1
〉
RBCAEBEA

|ik〉Mk

(2)
For k = 1, introduce register M1 of sufficiently large dimension. Similar argument implies that

there exists an isometry U : ACEA → ACEAM1 such that

U |Ψ〉RBACEBEA =
∑
i1

√
pi1

∣∣∣φi1〉
RBACEBEA

|i1〉M1
(3)

For k even, introduce a register Mk of sufficiently large dimension. Again by similar argument,
there exists an isometry Uik−1,ik−2...i2,i1 : BEB → BEBMk such that

Uik−1,ik−2...i2,i1

∣∣∣φik−1,ik−2...i1
〉
RBCAEBEA

=
∑
ik

√
pik|ik−1,ik−2...i2,i1

∣∣∣φik,ik−1,ik−2...i2,i1
〉
RBCAEBEA

|ik〉Mk

(4)
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Now, we recursively use equations 2, 3 and 4. Consider,

|Ψ〉RBCA |θ〉EAEB = U †
∑
i1

√
pi1

∣∣∣φi1〉
RBCAEBEA

|i1〉M1

= U †
∑
i1

√
pi1U

†
i1

∑
i2

√
pi2|i1

∣∣∣φi2,i1〉
RBCAEBEA

|i2〉M2
|i1〉M1

= U †
∑
i1,i2

√
pi1,i2U

†
i1

∣∣∣φi2,i1〉
RBCAEBEA

|i2〉M2
|i1〉M1

= U †
∑

i1,i2...ir

√
pi1,i2...irU

†
i1
U †i2,i1 . . . U

†
ir,ir−1...i1

∣∣∣τ ir,ir−1...i1
〉
RBCAB0TBEA

|ir〉Mr
. . . |i1〉M1

Last equality follows by recursion. This completes the proof.

We introduce the following useful definitions.

Definition B.4. Define the following isometries and unitaries.

• Let k > 1 be odd. Isometry Uk : ACEAM1M2 . . .Mk−1 → ACEAM1M2 . . .Mk−1Mk,

Uk
def=

∑
i1,i2...ik−1

|i1〉〈i1|M1
⊗ |i2〉〈i2|M2

⊗ . . . |ik−1〉〈ik−1|Mk−1
⊗ Uik−1,ik−2...i2,i1 .

• For k even, Isometry Uk : BEBM1M2 . . .Mk−1 → BEBM1M2 . . .Mk−1Mk,

Uk
def=

∑
i1,i2...ik−1

|i1〉〈i1|M1
⊗ |i2〉〈i2|M2

⊗ . . . |ik−1〉〈ik−1|Mk−1
⊗ Uik−1,ik−2...i2,i1 .

• Unitary Uar+1 : ACEAM1M2 . . .Mr → ACEAM1M2 . . .Mr,

Uar+1
def=

∑
i1,i2...ir

|i1〉〈i1|M1
⊗ |i2〉〈i2|M2

⊗ . . . |ir〉〈ir|Mr
⊗ Uair,ir−1...i1 .

• Unitary U br+1 : BEBM1M2 . . .Mr → BC0TBM1M2 . . .Mr,

U br+1
def=

∑
i1,i2...ir

|i1〉〈i1|M1
⊗ |i2〉〈i2|M2

⊗ . . . |ir〉〈ir|Mr
⊗ U bir,ir−1...i1 .

• Unitary Ur+1 : ACEABEBM1M2 . . .Mr → ACEABC0TBM1M2 . . .Mr,

Ur+1
def=

∑
i1,i2...ir

|i1〉〈i1|M1
⊗ |i2〉〈i2|M2

⊗ . . . |ir〉〈ir|Mr
⊗ Uir,ir−1...i1 .

This leads to a more convenient representation of Lemma B.3.

15

15



Corollary B.5. It holds that

|Ψ〉RBCA |θ〉EAEB = U †U †2 . . . U
†
r+1

∑
i1,i2...ir

√
pi1,i2...ir

∣∣∣τ ir,ir−1...i1
〉
RBCAC0TBEA

|ir〉Mr
. . . |i1〉M1

.

and
P(ΨRBC0A,

∑
i1,i2...ir

pi1,i2...irτ
ir,ir−1...i1
RBC0A

) ≤ ε.

Proof. The corollary follows immediately using Definition B.4 and Lemma B.3.

Following lemma is a refined form of above corollary, where we clarify the structure of the states∣∣τ ir,ir−1...i1
〉
RBCAC0TBEA

. Its proof is deferred to Appendix D.

Lemma B.6. There exists a probability distribution {p′i1,i2...ir} and pure states κir,ir−1...i1
CEATB

such that

P(ΨRBCA ⊗ θEAEB , U
†U †2 . . . U

†
r+1

∑
i1,i2...ir

√
p′i1,i2...irΨRBC0A ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

) ≤ 2
√
ε,

and the communication weight of p′i1,i2...ir is at most C
1−ε .

C Lower bound on expected communication cost
In this section, we obtain a lower bound on expected communication cost of quantum state redis-
tribution and quantum state transfer, by considering a class of states defined below.

Let register R be composed of two registers RA, R′, such that R ≡ RAR
′. Let da be the

dimension of registers RA and A. Let d be the dimension of registers R′, C and B.

Definition C.1. Define

|Ψ〉RBCA
def= 1√

da

da∑
a=1
|a〉RA |a〉A |ψ

a〉R′BC ,

where

|ψa〉R′BC =
d∑
j=1

√
ej |uj〉R′ |vj(a)〉B |wj(a)〉C

with e1 ≥ e2 ≥ . . . ed > 0,
∑d
i=1 ei = 1 and {|u1〉 , . . . |ud〉}, {|v1(a)〉 , . . . |vd(a)〉}, {|w1(a)〉 , . . . |wd(a)〉}

form an orthonormal basis (second and third bases may depend arbitrarily on a) in their re-
spective Hilbert spaces.

Define a ‘GHZ state’: |ωa〉R′BC
def= 1√

d

∑d
j=1 |uj〉R′ |vj(a)〉B |wj(a)〉C . Using this, we define

ωRBCA
def= 1√

da

∑da
a=1 |a〉RA |a〉A |ω

a〉R′BC .

For quantum state transfer, we have the following definition.
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Definition C.2. Define a pure state

Ψ̃RC
def=

d∑
j=1

√
ej |uj〉R |wj〉C .

Corresponding maximally entangled state ω′RC
def= 1√

d

∑d
j=1 |uj〉R |wj〉C .

Following two relations are easy to verify.

|ω〉RBCA = 1√
da · d

Ψ−
1
2

R |Ψ〉RBCA and
∣∣ω′〉RC = 1√

d
(Ψ̃R)−

1
2

∣∣∣Ψ̃〉
RC

(5)

As noted in Appendix B, the protocol P achieves quantum state redistribution of ΨRBCA with
error ε and expected communication cost C.

We now use Lemma B.6 to prove the following for the state ωRBCA. Recall that ed is the
smallest eigenvalue of ψaR′ , independent of a.
Lemma C.3. It holds that

P(ωRBCA ⊗ θEAEB , U
†U †2 . . . U

†
r+1

∑
i1,i2...ir

√
p′i1,i2...irωRBC0A ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

) ≤
√

8ε
ed · d

.

Communication weight of distribution p′i1,i2...ir is C
1−ε .

Proof. Define a completely positive map Ẽ : R → R as Ẽ(ρ) def= ed
da

(Ψ−
1
2

R ρΨ−
1
2

R ), which is trace
non-increasing since Ψ−1

R ≤
da
ed
IR. Using equation 5, observe that

Ẽ(ΨRBCA) = ed · d · ωRBCA.

Consider,

2
√
ε ≥ P(ΨRBCA ⊗ θEAEB , U

†U †2 . . . U
†
r+1

∑
i1,i2...ir

√
p′i1,i2...irΨRBC0A ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

)

(Lemma B.6)

≥ P(Ẽ(ΨRBCA)⊗ θEAEB , U
†U †2 . . . U

†
r+1

∑
i1,i2...ir

√
p′i1,i2...ir Ẽ(ΨRBC0A)⊗ κir,ir−1...i1

CEATB
|ir〉Mr

. . . |i1〉M1
)

(Fact A.5)

= P(d · ed · ωRBCA ⊗ θEAEB , d · ed · U
†U †2 . . . U

†
r+1

∑
i1,i2...ir

√
p′i1,i2...irωRBC0A ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

)

Using Fact A.7, we thus obtain

P(ωRBCA ⊗ θEAEB , U
†U †2 . . . U

†
r+1

∑
i1,i2...ir

√
p′i1,i2...irωRBC0A ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

) ≤
√

8ε
d · ed

.

Furthermore, there is no change in communication weight. This completes the proof.

17

17



Similarly for quantum state transfer, we have the following corollary

Corollary C.4. It holds that

P(ω′RC ⊗ θEAEB , U
†U †2 . . . U

†
r+1

∑
i1,i2...ir

√
p′i1,i2...irω

′
RC0 ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

) ≤
√

8ε
ed · d

.

Communication weight of distribution p′i1,i2...ir is C
1−ε .

Now we exhibit an interactive entanglement assisted communication protocol for state-redistribution
of ωRBCA with suitably upper bounded worst case communication cost. Proof of this lemma has
been deferred to Appendix E.

Lemma C.5. Fix an error parameter µ > 0. There exists an entanglement assisted r-round
quantum communication protocol for state redistribution of ωRBCA with worst case quantum com-
munication cost at most 2C

µ(1−ε) and error at most
√

8ε
ed·d +√µ.

Similarly, we have the corollary for quantum state transfer.

Corollary C.6. Fix an error parameter µ > 0. There exists a r-round communication protocol for
state transfer of ω′RC with worst case quantum communication cost atmost 2C

µ(1−ε) and error at most√
8ε
ed·d +√µ.

Next two lemmas obtain lower bound on worst case quantum communication cost of quantum
state redistribution of ωRBCA and quantum state transfer of ω′RC .

Lemma C.7. Let d, the local dimension of register B, be such that d > 218. Then worst case
quantum communication cost of any interactive entanglement assisted quantum state redistribution
protocol of the state ωRBCA, with error δ < 1

6 , is at least 1
6 log(d).

Proof. Following lower bound on worst case quantum communication cost for interactive quan-
tum state redistribution of the state ωRBCA, with error δ, has been shown ([BCT16], Section 5,
Proposition 2):

1
2(Iδmax(R : BC)ω − Imax(R : B)ω).

Recall, from definition C.1, that ωRBC = 1
da

∑da
a=1 |a〉〈a|RA ⊗ ω

a
R′BC is a classical-quantum state.

Consider,

Iδmax(R : BC)ω ≥ infρRBC∈Bδ(ωRBC)I(R : BC)ρ
≥ infρR∈Bδ(ωR)S(ρR) + infρBC∈Bδ(ωBC)S(ρ′BC)− sup

ρRBC∈Bδ(ωRBC)
S(ρRBC)

≥ I(R : BC)ω − 3δ log(d)− 3 (Fact A.8)

≥ 1
da

∑
a

I
(
R′ : BC

)
ωa − 3δ log(d)− 3 (Fact A.14)

= 2 log(d)− 3δ log(d)− 3.

To bound Imax(R : B)ω, notice that ωRB = 1
d·da

∑da
a=1

∑d
j=1 |a〉〈a|RA⊗|uj〉〈uj |R′⊗|vj(a)〉〈vj(a)|B

is also a classical-quantum state. Using Fact A.13, we obtain Imax(R : B)ω ≤ log(|B|) = log(d).
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Thus, communication cost is lower bounded by

1
2(Iδmax(R : BC)ω − Imax(R : B)ω) ≥ log(d)− 3δ log(d)− 3

2 = 1− 3δ
2 log(d)− 1.5 > 1

6 log(d),

for d > 218.

For quantum state transfer, we have following bound.

Lemma C.8. Worst case quantum communication cost for state transfer of the state ω′RC , with
error δ < 1

2 , is at least 1
2 log(d) + 1

2 log(1− δ2).

Proof. The following lower bound on worst case interactive quantum communication cost of state
transfer of ω′RC has been shown ([BCT16], Section 5, Proposition 2):

1
2Iδmax(R : C)ω′ .

Consider,

Iδmax(R : C)ω′ ≥ −Hδ
min(R|C)ω′ (Fact A.12)

≥ −Hmax(R|C)ω′ + log(1− δ2) (Proposition 6.3, [Tom15])
= log(d) + log(1− δ2)

Now we proceed to proof of Theorem 1.3.

Proof: Theorem 1.3. Suppose there exists a r-round communication protocol P for entangle-
ment assisted quantum state redistribution of the pure state ΨRBCA with error ε and expected
communication cost at most I(R : C |B)Ψ · (

1
ε )p. Then we show a contradiction for p < 1.

For a β ≥ 1 to be chosen later, and d > 218, we choose {e1, e2 . . . ed} (Definition C.1) as
constructed in lemma A.15. Thus,

I(R : C |B)Ψ ≤ 2S(ΨC) ≤ 4log(d)
β

(Fact A.11).

Fix an error parameter µ. From lemma C.5, there exists a communication protocol P′ for
quantum state redistribution of ωRBCA, with error at most √µ +

√
8βε and worst case quantum

communication cost at most

2 · I(R : C |B)Ψ
µ(1− ε) · (1

ε
)p ≤ 8 log(d)

βµ(1− ε) · (
1
ε

)p ≤ 16log(d)
βµ

· (1
ε

)p.

Last inequality holds since ε < 1/2. Let βµεp = 128. Then √µ+
√

8βε = √µ+ 32√
µε

1−p
2 , which

is minimized at µ = 32 · ε
1−p

2 . This gives √µ+ 32√
µε

1−p
2 = 8

√
2 · ε

1−p
4 and β = 4/ε

1+p
2 > 1.

As in the theorem, let ε ∈ [0, ( 1
70)

4
1−p ]. Thus, we have a protocol for state redistribution of

ωRBCA, with error at most 8
√

2 · ε
1−p

4 < 1
6 and worst case communication at most 1

8 log(d), in
contradiction with lemma C.7.
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Above argument does not hold for any p ≥ 1 since we need to simultaneously satisfy β ≥ 1,
8βε < 1 and µ < 1.

On similar lines, we prove Theorem 1.4 below.

Proof: Theorem 1.4. Suppose there exists a communication protocol for state transfer of the
pure states Ψ̃RC with error ε < 1

2 and expected communication cost at most S(Ψ̃R) · (1
ε )p. Then

we show a contradiction for p < 1.
For a β ≥ 1 to be chosen later, choose ai as constructed in lemma A.15. Then S(Ψ̃R) ≤ 2 log(d)

β .
Fix an error parameter µ. From corollary C.6, there exists a communication protocol for state

transfer of ω′RC , with error at most √µ +
√

8βε and worst case quantum communication cost at
most

2S(Ψ′R)
µ(1− ε) · (

1
ε

)p ≤ 4 log(d)
βµ(1− ε) · (

1
ε

)p ≤ 8 log(d)
βµ

· (1
ε

)p.

Let βµεp = 16. Then √µ+
√

8βε = √µ+ 8
√

2√
µ ε

1−p
2 , which is minimized at µ = 8

√
2ε

1−p
2 . This

gives √µ+
√

8βε =
√

32
√

2ε
1−p

4 and β =
√

2/ε
1+p

2 > 1.
As in the theorem, let ε ∈ [0, (1

2)
15

1−p ]. Thus, we have a protocol for state transfer of ω′RC , with
error at most

√
32ε

1−p
4 < 1

2 and worst case communication at most 1
2 log(d), in contradiction with

lemma C.8.

D Proof of Lemma B.6
Proof. Let B be the set of tuples (i1, i2 . . . ir) for which F2(ΨRBC0A, τ

ir,ir−1...i1
RBC0A

) ≤ 1− ε. Let G be
remaining set of tuples. From corollary B.5 and purity of ΨRBC0A, it holds that∑

i1,i2...ir

pi1,i2...irF2(ΨRBC0A, τ
ir,ir−1...i1
RBC0A

) ≥ 1− ε2.

Thus,
(1− ε)

∑
(i1,i2...ir)∈B

pi1,i2...ir +
∑

(i1,i2...ir)∈G
pi1,i2...ir ≥ 1− ε2,

which implies
∑

(i1,i2...ir)∈B pi1,i2...ir ≤ ε. Thus we have
∑

(i1,i2...ir)∈G pi1,i2...ir ≥ 1− ε.
Define p′i1,i2...ir

def= pi1,i2...ir∑
i1,i2...ir∈G

pi1,i2...ir
, if (i1, i2 . . . ir) ∈ G and p′i1,i2...ir

def= 0 if (i1, i2 . . . ir) ∈ B.

For all (i1, i2 . . . ir) ∈ G, F2(ΨRBC0A, τ
ir,ir−1...i1
RBC0A

) ≥ 1− ε. Thus by Fact A.4, there exists a pure
state κir,ir−1...i1

CEATB
such that

F2(ΨRBC0A ⊗ κ
ir,ir−1...i1
CEATB

, τ
ir,ir−1...i1
RBCAC0TBEA

) ≥ 1− ε (6)

Consider,
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P(
∑

i1,i2...ir

√
pi1,i2...irτ

ir,ir−1...i1
RBCAC0TBEA

|ir〉Mr
. . . |i1〉M1

,
∑

i1,i2...ir

√
p′i1,i2...irτ

ir,ir−1...i1
RBCAC0TBEA

|ir〉Mr
. . . |i1〉M1

)

=
√

1− (
∑

i1,i2...ir

√
pi1,i2...irp

′
i1,i2...ir

)2 =
√

1− (
∑

i1,i2...ir∈G
pi1,i2...ir) ≤

√
ε

and

P(
∑

i1,i2...ir

√
p′i1,i2...irτ

ir,ir−1...i1
RBCAC0TBEA

|ir〉Mr
. . . |i1〉M1

,
∑

i1,i2...ir

√
p′i1,i2...irΨRBC0A ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

)

=
√

1− (
∑

i1,i2...ir

p′i1,i2...irF(τ ir,ir−1...i1
RBCAC0TBEA

,ΨRBC0A ⊗ κ
ir,ir−1...i1
CEATB

))2 ≤
√
ε (Equation 6)

These together imply, using triangle inequality for purified distance (Fact A.2),

P(
∑

i1,i2...ir

√
pi1,i2...irτ

ir,ir−1...i1
RBCAC0TBEA

|ir〉Mr
. . . |i1〉M1

,
∑

i1,i2...ir

√
p′i1,i2...irΨRBC0A ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

)

≤ 2
√
ε

Thus, from corollary B.5, we have

P(ΨRBCA ⊗ θEAEB , U
†U †2 . . . U

†
r+1

∑
i1,i2...ir

√
p′i1,i2...irΨRBC0A ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

) ≤ 2
√
ε.

The communication weight of p′i1,i2...ir is

∑
i1,i2...ir

p′i1,i2...ir log(i1 · i2 . . . ir) ≤
1

1− ε
∑

i1,i2...ir∈G
pi1,i2...ir log(i1 · i2 . . . ir)

≤ 1
1− ε

∑
i1,i2...ir

pi1,i2...ir log(i1 · i2 . . . ir) = C

1− ε.

This completes the proof.

E Proof of Lemma C.5
Proof. From lemma C.3, we have that

P(ωRBCA⊗ θEAEB , U
†U †2 . . . U

†
r+1

∑
i1,i2...ir

√
p′i1,i2...irωRBC0A⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

) ≤
√

8ε
ad · d

,

and ∑
i1,i2...ir

p′i1,i2...ir log(i1 · i2 . . . ir) ≤
C

1− ε.
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Consider the set of tuples (i1, i2 . . . ir) which satisfy i1 · i2 . . . ir > 2
C

(1−ε)µ . Let this set be B′ and
G′ be the set of rest of the tuples. Then

C

(1− ε) >
∑

i1,i2...ir∈B′
p′i1,i2...ir log(i1 · i2 . . . ir) >

C

(1− ε)µ
∑

i1,i2...ir∈B′
p′i1,i2...ir .

This implies
∑
i1,i2...ir∈B′ p

′
i1,i2...ir < µ. Define a new probability distribution qi1,i2...ir

def=
p′i1,i2...ir∑

(i1,i2...ir)∈G′ p
′
i1,i2...ir

for all (i1, i2 . . . ir) ∈ G′ and qi1,i2...ir = 0 for all (i1, i2 . . . ir) ∈ B′. Consider,

P(
∑

i1,i2...ir

√
p′i1,i2...irωRBC0A⊗κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

,
∑

i1,i2...ir

√
qi1,i2...irωRBC0A⊗κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

)

=
√

1− (
∑

i1,i2...ir

√
p′i1,i2...irqi1,i2...ir)2 =

√
1−

∑
(i1,i2...ir)∈G′

p′i1,i2...ir ≤
√
µ.

Thus, triangle inequality for purified distance (Fact A.2) implies

P(ωRBCA ⊗ θEAEB , U
†U †2 . . . U

†
r+1

∑
i1,i2...ir

√
qi1,i2...irωRBC0A ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

)

≤
√

8ε
ed · d

+√µ

Defining πRBCAEAEB
def= U †U †2 . . . U

†
r+1

∑
i1,i2...ir∈G′

√
qi1,i2...irωRBC0A ⊗ κ

ir,ir−1...i1
CEATB

|ir〉Mr
. . . |i1〉M1

,
we have

P(ωRBCA ⊗ θEAEB , ω
′
RBCEAEB

) ≤
√

8ε
ed · d

+√µ (7)

Let T be the set of all tuples (i1, i2 . . . ik) (with k ≤ r) that satisfy the following property: there
exists a set of positive integers {ik+1, ik+2 . . . ir} such that (i1, i2 . . . ik, ik+1 . . . ir) ∈ G′. Consider
the following protocol P′.

Input: A quantum state in registers RBCAEAEB.

• Alice applies the isometry U : ACEA → ACEAM1 (definition B.4). She introduces a
register M ′1 ≡ M1 in the state |0〉M ′1 and performs the following unitary W1 : M1M

′
1 →

M1M
′
1:

W1 |i〉M1
|0〉M ′1 = |i〉M1

|i〉M ′1 if (i) ∈ T and W1 |i〉M1
|0〉M ′1 = |i〉M1

|0〉M ′1 if (i) /∈ T .

She sends M ′1 to Bob.

• Bob introduces a register M ′2 ≡ M2 in the state |0〉M ′2 . If he receives |0〉M ′1 from Alice,
he performs no operation. Else he applies the isometry U2 : BEBM ′1 → BEBM

′
1M2 and
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then performs the following unitary W2 : M ′1M2M
′
2 →M ′1M2M

′
2:

W1 |i〉M ′1 |j〉M2
|0〉M ′2 = |i〉M ′1 |j〉M2

|j〉M ′2 if (i, j) ∈ T

and
W1 |i〉M ′1 |j〉M2

|0〉M ′2 = |i〉M ′1 |j〉M2
|0〉M ′2 if (i, j) /∈ T .

He sends M ′2 to Alice.

• For every odd round k > 1, Alice introduces a register M ′k ≡ Mk in the state |0〉M ′
k
. If

she receives |0〉M ′
k−1

from Bob, she performs no further operation. Else, she applies the
isometry

Uk : ACEAM1M
′
2M3 . . .M

′
k−1 → ACEAM1M

′
2M3 . . .M

′
k−1Mk

and performs the following unitary Wk : M1M
′
2 . . .M

′
k−1MkM

′
k →M1M

′
2 . . .M

′
k−1MkM

′
k:

Wk |i1〉M1
|i2〉M ′2 . . . |ik〉Mk

|0〉M ′
k

= |i1〉M1
|i2〉M ′2 . . . |ik〉Mk

|ik〉M ′
k

if (i1, i2 . . . ik) ∈ T

and

Wk |i1〉M1
|i2〉M ′2 . . . |ik〉Mk

|0〉M ′
k

= |i1〉M1
|i2〉M ′2 . . . |ik〉Mk

|0〉M ′
k

if (i1, i2 . . . ik) /∈ T .

She sends M ′k to Bob.

• For every even round k > 2, Bob introduces a register M ′k ≡ Mk in the state |0〉M ′
k
. If

he receives |0〉M ′
k−1

from Alice, he performs no further operation.. Else, he applies the
isometry Uk : BEBM ′1M2M

′
3 . . .M

′
k−1 → BEBM

′
1M2M

′
3 . . .M

′
k−1Mk and performs the

following unitary Wk : M ′1M2 . . .M
′
k−1MkM

′
k →M ′1M2 . . .M

′
k−1MkM

′
k:

Wk |i1〉M ′1 |i2〉M2
. . . |ik〉Mk

|0〉M ′
k

= |i1〉M ′1 |i2〉M2
. . . |ik〉Mk

|ik〉M ′
k

if (i1, i2 . . . ik) ∈ T

and

Wk |i1〉M ′1 |i2〉M2
. . . |ik〉Mk

|0〉M ′
k

= |i1〉M ′1 |i2〉M2
. . . |ik〉Mk

|0〉M ′
k

if (i1, i2 . . . ik) /∈ T .

He sends M ′k to Alice.

• After round r, if Bob receives |0〉M ′r from Alice, he performs no further operation. Else
he applies the unitary U br+1 : BEBM ′1M2M

′
3 . . .M

′
r → BC0TBM

′
1M2M

′
3 . . .M

′
r. Alice

applies the unitary Uar+1 : ACEAM1M
′
2M3 . . .Mr → ACEAM1M

′
2M3 . . .Mr. They trace

out all of their registers except A,B,C0.

Let E : RBCAEAEB → RBC0A be the quantum map generated by P′. For any k, if any of the
parties receive the state |0〉M ′

k
, let this event be called abort.
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We show the following claim.

Claim E.1. It holds that E(πRBCAEAEB ) = ωRBC0A

Proof. We argue that the protocol never aborts when acting on πRBCAEAEB . Consider the first
round of the protocol. Define the projector Π def=

∑
i:(i)/∈T |i〉〈i|M1

. From definition B.4, it is clear
that the isometry U †2U

†
3 . . . U

†
r+1 is of the form

∑
i |i〉〈i|M1

⊗Vi, for some set of isometries {Vi} . Thus,
from the definition of πRBCAEAEB (in which the summation is only over the tuples (i1, i2 . . . ir) ∈ G′),
it holds that

ΠUπRBCAEAEB = 0.

This implies that Bob does not receive the state |0〉M ′1 and hence he does not aborts.
Same argument applies to other rounds, which implies that the protocol never aborts. Thus,

the state at the end of the protocol is

TrCEATB (Ur+1Ur . . . U2UπRBCAEAEB ) = ωRBC0A.

Thus, from equation 7, it holds that

P(E(ωRBCA ⊗ θEAEB ), ωRBC0A) ≤
√

8ε
ed · d

+√µ.

Quantum communication cost of the protocol is at most

max(i1,i2...ir)∈G′(log((i1 + 1) · (i2 + 1) . . . (ir + 1)) ≤ 2 ·max(i1,i2...ir)∈G′(log(i1 · i2 . . . ir) ≤
2C

(1− ε)µ.

This completes the proof.
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An approximated single photon state generation from coherent states

entangled with qubits by measuring qubits
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Abstract. In an entangled system between coherent states and qubits, a superposition of coherent
states is formed by measurement of the qubits. The induced superposition state can be controlled by
the initial coherent states, the initial qubit states and the measurement basis, and the magnitude of the
entanglement. In this paper, firstly, we briefly explain the entanglement preparation between the coherent
states and qubits using the conditional phase shift or the conditional displacement. Then, we show that
an approximate single photon state obtained when two weak coherent states are superposed in a distance
close to the origin of phase space.

Keywords: Quantum State Control, Conditional Operations, Post-Selection, Single Photon State

1 Introduction

The single photon source [1] is important for quan-
tum information technology such as quantum cryptogra-
phy [2] and photonic quantum information processing [3].
Quantum key distribution systems often employ weak co-
herent light as an approximated single photon. How-
ever, quantum information processing requires genuine
non-classical properties of single photons. Currently, a
practical single photon source is not available in terms of
generation efficiency, operation temperature, and quality.
Therefore, it is important to explore alternative methods
for single photon generation for the development of the
quantum information technology!
In this paper, we show that an approximated single

photon state can be generated by measurement of a qubit
from a hybrid system where coherent states are entangled
with a qubit. As methods of entanglement preparation,
we consider the conditional phase shift and the condi-
tional displacement [4]. A superposition of two coherent
states is formed by measuring the qubit. We show that
the induced superposition can be regarded as an approx-
imate single photon state, when two coherent states are
close and interfere destructively near the origin in phase
space.

2 Conditional Operation

In this section, we briefly explain the methods of en-
tanglement preparation using conditional operations [4].
As the first method, we consider the conditional phase
shift on a coherent state by a qubit. First, we prepare a
control qubit (|1〉c+ |0〉c)/

√
2 and a target coherent state

|α〉t to obtain the initial state |i〉 = |α〉t (|1〉c + |0〉c)/
√
2.

Then, the control qubit and the target coherent state
interacts through the conditional phase shift operation
Ûp |1〉c 〈1| + Î |0〉c 〈c| [4], where the phase shift opera-

tor is given by Ûp = eiθn̂ where θ is phase shift angle
and n̂ is a photon number operator on the coherent state

∗matsuoka@optnet.ist.hokudai.ac.jp
†tomita@ist.hokudai.ac.jp

|α〉t. Using the conditional phase shift, the initial state
is transformed to the entangled state as follows:

|Ψp〉 =
1
√
2
(|1〉c |αe

iθ
〉t + |0〉c |α〉t). (1)

As the second method, we consider the conditional dis-
placement. First, we generate the initial state |i〉 =
|α〉t (|1〉c+|0〉c)/

√
2 as used in the conditional phase shift.

Then, the control qubit and the target coherent state are
interacted through the conditional displacement opera-
tion Ûd |1〉c 〈1| + Î |0〉c [4], where the displacement op-

erator is given by Ûd = eγâ
†
−γ∗â. The amount of the

displacement reads γ = α − β = iχteiφ, where χ is the
coupling strength between the coherent state and the
qubit, and t is the interaction time. The direction of
the displacement on the phase space can be selected by
the phase φ. In the present proposal, we choose φ = 0,
since the superposition of two coherent states of different
amplitudes is required to generate the approximate single
photon state. The conditional displacement transforms
the initial state to

|Ψd〉 =
1
√
2
(|1〉c |β〉t + |0〉c |α〉t). (2)

3 Approximated single photon state gen-

eration by post-selection of qubit

We show that non-classical photon states can be gener-
ated by measurement of a qubit in the entangled system
of coherent states and a qubit prepared by a conditional
operation mentioned in Sec. II. The post-selection on the
qubit to the final state |f〉 = (|1〉c − |0〉c)/

√
2, i.e., |−〉

measurement, collapses the coherent state to the super-
position of two coherent states with the success proba-
bility given by the fidelity between the two states as

|ψp〉 =
1

2
√

Psucp

(|αeiθ〉t − |α〉t), (3)

where Psucp = 1

2

[

1− 1

2
(〈αeiθ |α〉+ 〈α|αeiθ〉)

]

, for the
state entangled by the conditional phase shift (1), and

|ψd〉 =
1

2
√
Psucd

(|β〉t − |α〉t), (4)
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where Psucd = 1

2

[

1− 1

2
(〈β|α〉+ 〈α|β〉)

]

, for the state en-
tangled by the control displacement (2). When a dis-
tance between two states in the superposition is small,
and the states are placed near the origin in phase space,
the transformed superposition state can be regarded as
a single photon state.
In order to confirm the above claim, we numerically

evaluated the detection probabilities as photon number
states |〈n|ψp〉|

2 and |〈n|ψd〉|
2, when the post-selected

states are measured in photon number basis. Figure 1 (a)

plots the detection probabilities |〈n|ψp〉|
2 for n = 1 (sin-

gle photon states: solid line), n = 2 (two photon states:
dashed line) and n = 3 (three photon states: dot-dashed
line). Here, we assume that the coherent amplitude of
the initial coherent state is α = 0.1. Similarly, Fig. 1
(b) plots the detection probabilities |〈n|ψd〉|

2. Note that
when the conditional displacement is used, the detection
probability for n = 0 (vacuum: dotted line) is appeared.
In order to compare the post-selected state and the co-
herent states, Fig. 1 (c) plots the detection probabili-

ties as photon number states |〈n|α〉|
2
, when the coher-

ent state is measured in photon number basis. In both
conditional operations, the detection probability as sin-
gle photon state |〈1|ψp〉|

2
and |〈1|ψd〉|

2
are greatly higher

than |〈1|α〉|2. Moreover, in both conditional operations,
there are the points of the detection probability as two
photon states equals zero, since superposition becomes
odd coherent states at these points.

4 Conclusion

In summary, we have shown that measurement of a
qubit in hybrid entangled system between a coherent
state and a qubit results in a non-classical state. We
have also proposed an application of the method to gen-
erate an approximate single photon state. The method
works probabilistically, but generates the heralded single
photons. The generation requires conditional operation.
It is reported that the conditional phase shift can be im-
plemented using superconducting circuits [5] and ions in
a solid [6], and that the conditional displacement can be
implemented using superconducting circuits [7], ion trap
[8] and Rydberg atoms [9]. Further comparison with the
conventional single photon generation methods under a
practical condition is left for future works.
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Abstract. We consider asymptotic convertibility of an arbitrary sequence of bipartite pure states into
another by local operations and classical communication (LOCC). We adopt an information-spectrum
approach to address cases where each element of the sequences is not always in tensor power of a bipartite
pure state. We derive necessary and sufficient conditions for the LOCC convertibility of one sequence to
another in terms of spectral entropy rates of entanglement of the sequences. Based on these results, we also
provide a simple proof for previously known results on the optimal rates of entanglement concentration
and dilution of general sequences of pure states.

Keywords: spectral entropy rates, LOCC convertibility, entanglement concentration and dilution

1 Introduction

An entangled quantum state shared between two dis-
tant parties is used as a resource for performing nonlocal
quantum information processing. When a state is not in
the desired form as a resource, we need to transform it
by LOCC to a target state with the desired form. Well-
known examples of such tasks are entanglement concen-
tration and dilution [1]. Entanglement concentration is a
task to obtain a maximally entangled state from copies of
a non-maximally entangled state by LOCC, and entan-
glement dilution is its inverse process. When the initial
state is copies of a bipartite pure state, the optimal rates
of entanglement concentration and dilution are asymp-
totically equal to the entanglement entropy [1].
For cases where the initial and target states are not al-

ways in tensor power of a bipartite state, the information-
spectrum method has been applied to analyze entangle-
ment concentration [2, 3] and entanglement dilution [3].
Originally, the information-spectrum method was devel-
oped in classical information theory by Verdú and Han
[4, 5], and has been extended to quantum information
theory by Nagaoka and Hayashi [6–8]. In the setting of
the information-spectrum method, the optimal rates of
entanglement concentration and dilution are obtained in
terms of spectral entropies [2, 3].
In this contribution, we consider a more general situa-

tion in which a general sequence of bipartite pure states
ψ̂AB = {ψABn }∞n=1 is converted into another general se-

quence of bipartite pure states ϕ̂AB = {ϕABn }∞n=1 asymp-

totically by a sequence of LOCC protocol L̂ = {Ln}∞n=1.
We require that the trace distance between the final state
Ln(ψABn ) and the target state ϕABn vanishes in the limit
of n→ ∞. We address a question of when such a conver-
sion is possible. Contrary to the previous approaches, we
do not assume that the initial state or the target state is
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a maximally entangled state.
The main results of this contribution are as follows.

First, we prove that ψ̂AB is asymptotically convertible to
ϕ̂AB if the spectral inf-entropy of entanglement of ψ̂AB

is larger than the spectral sup-entropy of entanglement
of ϕ̂AB . Second, we prove that if ψ̂AB is asymptotically
convertible to ϕ̂AB , the spectral inf- and sup-entropy of
entanglement of ψ̂AB is larger than those of ϕ̂AB , respec-
tively. If we restrict ϕ̂AB or ψ̂AB to be a sequence of
maximally entangled states, our results are equivalent to
those obtained by Hayashi [2] and Bowen-Datta [3], re-
garding the optimal rates of entanglement concentration
and dilution. Our proof based on an application of clas-
sical random number generation, which was pointed out
by Kumagai and Hayashi [9], is much simpler than those
of [2, 3].

2 Main Results

In this section, we present definitions of the problem
and state the main results of this contribution. As a
shorthand notation, we denote reduced density operators
TrB[|ψ⟩⟨ψ|AB ] and TrA[|ψ⟩⟨ψ|AB ] simply by ψA and ψB ,
respectively, for a bipartite pure state |ψ⟩AB .
Let HA

n and HB
n (n = 1, 2, . . . ) be arbitrary finite-

dimensional Hilbert spaces and consider a general se-
quence of bipartite systems HAB

n = HA
n ⊗ HB

n (n =

1, 2, . . . ). Let |ψn⟩AB and |ϕn⟩AB in HAB
n be arbi-

trary pure states for each n, and consider sequences
ψ̂AB = {ψABn }∞n=1 and ϕ̂AB = {ϕABn }∞n=1. We ask when

ψ̂AB can be asymptotically converted to ϕ̂AB by LOCC.
That is, we seek for conditions under which |ψn⟩AB can

be converted to |ϕn⟩AB by LOCC for each n, up to a
certain error that vanishes in the limit of n→ ∞.

Definition 1 We say that ψ̂AB = {ψABn }∞n=1 can be con-

verted to ϕ̂AB = {ϕABn }∞n=1 asymptotically by LOCC, if
there exists a sequence of LOCC Ln (n = 1, 2, . . . ) such

27



that

lim
n→∞

∥Ln(ψABn )− ϕABn ∥1 = 0.

Here, ∥ · ∥1 is the trace distance of two density operators.

In this contribution, we provide necessary and suffi-
cient conditions for the asymptotic convertibility of two
sequences of pure states in terms of spectral entropy rates,
which are key ingredients in the information-spectrum
method and defined as follows. Let ρ̂ = {ρn}∞n=1 be an
arbitrary sequence of density operators, and σ̂ = {σn}∞n=1

be an arbitrary sequence of Hermitian operators. Then,
for each ε ∈ [0, 1], the spectral divergence rates are de-
fined by

D(ε|ρ̂||σ̂) = sup
{
a
∣∣ lim inf
n→∞

Trρn{ρn − enaσn > 0} ≥ 1− ε
}
,

D(ε|ρ̂||σ̂) = inf
{
a
∣∣ lim sup

n→∞
Trρn{ρn − enaσn > 0} ≤ ε

}
.

Here, {A > 0} denotes the spectral projection corre-
sponding to the positive part of a Hermitian operator A.
Using the spectral divergence rates, the spectral entropy
rates are defined by

H(ε|ρ̂) := −D(ε|ρ̂||Î), H(ε|ρ̂) := −D(ε|ρ̂||Î)

for ε ∈ [0, 1], where Î = {In}∞n=1 is the sequence of iden-
tity operators. Especially, for ε = 0 we write

H(ρ̂) = H(0|ρ̂), H(ρ̂) = H(0|ρ̂).

For any general sequences of bipartite pure states
ψ̂AB = {ψABn }∞n=1, consider sequences of reduced states

ψ̂A = {ψAn }∞n=1 and ψ̂B = {ψBn }∞n=1. Then it is easy to

see that ψ̂A and ψ̂B have the same spectral entropy rates.
The main results of this contribution are as follows.

Theorem 2 (direct part) Let ψ̂AB = {ψABn }∞n=1 and

ϕ̂AB = {ϕABn }∞n=1 be general sequences of pure states

on bipartite systems HAB
n (n = 1, 2, . . . ). If H(ψ̂A) >

H(ϕ̂A) holds, then ψ̂AB can be asymptotically converted

into ϕ̂AB by LOCC.

Theorem 3 (converse part) Let ψ̂AB = {ψABn }∞n=1

and ϕ̂AB = {ϕABn }∞n=1 be general sequences of pure states

on bipartite systems HAB
n (n = 1, 2, . . . ). If ψ̂AB can

be asymptotically converted into ϕ̂AB by LOCC, it must
hold that H(ε|ψ̂A) ≥ H(ε|ϕ̂A) and H(ε|ψ̂A) ≥ H(ε|ϕ̂A)
for every ε ∈ [0, 1].

As special cases, the above theorems lead to coding the-
orems for entanglement concentration [2, 3] and dilution
[3]. Letting the target state |ϕn⟩AB be a maximally en-
tangled state |ΦMn⟩AB , with Mn = enR be the Schmidt

rank of |ΦMn⟩ and R = H(ψ̂A) − γ (∀γ > 0), the above
theorems show that the supremum of the achievable rates
of entanglement concentration is equal to H(ψ̂A). On
the other hand, letting the initial state |ψn⟩AB be a
maximally entangled state |ΦMn⟩, with Mn = enR and

R = H(ϕ̂A)+γ (∀γ > 0), we can see that the infimum of
the required rates of maximally entangled states is equal
to H(ϕ̂A).

3 Conclusion

We analyzed asymptotic LOCC convertibility of se-
quences of bipartite pure entangled states and derived
necessary and sufficient conditions for a sequence to be
asymptotically convertible to another. Applying these
results, we also provided a simple proof for the optimal
rates of entanglement concentration and dilution in an
information-spectrum setting.
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Abstract. In quantum information theory, various results have been obtained regarding free-space quan-
tum communication. However, in realistic quantum communication systems, it is necessary to consider
fluctuations in amplitude and phase that are caused by such phenomena as turbulence and interference.
In the present paper, we consider a model of an attenuated channel with probabilistic transmissivity and
calculate the error probabilities of the homodyne and the optimum quantum receivers for binary phase
shift keying coherent-state signals and show that the latter is always superior to the former.
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1 Introduction

In the research on quantum communication [1], models
of free-space, an ideal optical fiber, and transmission in
the presence of thermal noise have been demonstrated so
far. However, various types of classical noise in realistic
quantum communication systems may exist. One that we
must consider is the fluctuation of amplitude and phase,
which is caused for example by turbulence and interfer-
ence. Regarding the fluctuation of amplitude, many stud-
ies have been conducted for so-called Gaussian channels,
which include the well-known pure-loss channel. Hence,
we had focused our attention on phase diffusion (e.g., [2])
as a source of non-Gaussian noise and investigated an im-
provement in a quasi-optimum quantum receiver [3] and
the robustness of the optimum quantum receiver [4].
In the present paper, we return to the topic of am-

plitude fluctuation and consider an attenuated quantum
channel in which the transmissivity fluctuates probabilis-
tically [5]. If the transmissivity obeys a non-Gaussian
distribution, the amplitude noise is not Gaussian. We
consider a normalized Rayleigh distribution and calculate
the error probability of a homodyne receiver for binary
phase shift keying coherent-state signals and demonstrate
that the result approximates that of the well-known clas-
sical fading channel. We also calculate the error proba-
bility of the optimum quantum receiver and clarify that
there is a clear gap between the error probabilities of the
homodyne receiver and the optimum quantum receiver.

2 Channel model

Consider an attenuated channel in which the transmis-
sivity is probabilistic due to for example fluctuation and
interference.

2.1 Kraus representation of the channel

The Kraus operator of an attenuated channel with
transmissivity η (0 ≤ η ≤ 1) is [6]

Ek(η) =
∞∑
n=0

√(
n
k

)√
ηn−k(1− η)k |n− k⟩⟨n| , (1)
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where k ∈ N (the set of all natural numbers) and |n⟩ is
the eigenstate of the number operator having n photons.
Suppose η obeys a probability distribution P (η). Let
ρ be an input state of this channel, i.e., a transmitted
quantum state, and let ρout be an output state, i.e., a
received quantum state. Then

ρout =

∫ 1

0

{
P (η)

∞∑
k=0

Ek(η)ρE
†
k(η)

}
dη. (2)

If the transmitted state is a coherent state ρ = |α⟩⟨α|
with coherent amplitude α, Eq. (2) becomes

ρout =

∫ 1

0

{
P (η) |√ηα⟩⟨√ηα|

}
dη. (3)

In the following, we assume the transmitted state is a co-
herent state. Note that ρout is a statistical mixture of co-
herent states

∣∣√ηα⟩, and therefore P (η) can be regarded
as a probability distribution of coherent amplitude

√
ηα.

2.2 Probability distribution of transmissivity

Suppose the probability distribution P (η) corresponds
to a Rayleigh distribution, which is a well-known non-
Gaussian distribution. However, as 0 ≤ η ≤ 1, we define
a truncated and normalized distribution,

P (η) =
P̃ (η)∫ 1

0

P̃ (η)dη

=
e−

η
η0

η0

(
1− e−

1
η0

) , (4)

where η0 (0 ≤ η0 ≤ 1) is related to the average of the

original Rayleigh distribution P̃ (η) = 1
η0
e−

η
η0 and char-

acterizes the channel.

3 Error performance of BPSK signals

In this section, we derive the error performance of re-
ceived quantum-state signals passing through the channel
defined in the previous section. Assume that the mod-
ulation scheme is a binary phase shift keying (BPSK),
which is the most fundamental digital modulation. We
consider two receivers: a homodyne receiver, which is
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the optimum classical receiver, and the optimum quan-
tum receiver. Suppose quantum-state signals are coher-
ent states. Then the transmitted quantum states are
ρ0 = |α⟩⟨α| and ρ1 = |−α⟩⟨−α|, which correspond to the
classical information bits 0 and 1, respectively.
From Eq. (3), the received quantum states are

ρ
(F)
0 =

∫ 1

0

P (η) |√ηα⟩⟨√ηα| dη, (5)

ρ
(F)
1 =

∫ 1

0

P (η) |−√
ηα⟩⟨−√

ηα| dη. (6)

Here we assume a priori probabilities of signals are equal.

3.1 Homodyne receiver

As the signals are BPSK coherent states, the thresh-
old value in the decision process in the receiver is zero.
Hence, the homodyne receiver are formally described by
the detection operators

Π0 =

∫ ∞

0

|xc⟩⟨xc| dxc, Π1 =

∫ 0

−∞
|xc⟩⟨xc| dxc, (7)

and the error probability of the homodyne receiver is

PHom
e =

1

2

{
Tr ρ

(F)
0 Π1 + Tr ρ

(F)
1 Π0

}
= Tr ρ

(F)
0 Π1. (8)

The second equality in Eq. (8) hold through the symme-
try between the signals and detection operators. From
Eqs. (5) and (8),

PHom
e =

1√
2πσ2

∫ 0

−∞

∫ 1

0

P (η)e−
(xc−

√
ηα)2

2σ2 dηdxc, (9)

where σ2 = 1
4 . Moreover, Eq. (9) can be expressed as

PHom
e =

1

2

∫ 1

0

P (η)erfc
(√

2ηα
)
dη, (10)

where erfc (x) := 2√
π

∫∞
x
e−t

2

dt. Note that the above er-

ror probability coincides with that of Rayleigh fading in
classical theory (e.g., [7]) up to the integral range.

3.2 Optimum quantum receiver

The optimum quantum receiver is the receiver that at-
tains the minimum value of the average probability of
error, i.e., the Helstrom bound. For the binary quantum-
state signals, the minimum error probability POpt

e is [1]

POpt
e =

1

2

{
1− 1

2
Tr
∣∣∣ρ(F)0 − ρ

(F)
1

∣∣∣}. (11)

3.3 Error performance

Figure 1 displays the error probabilities of the ho-
modyne and the optimum quantum receivers based on
Eqs. (10) and (11). A clear difference is seen in the error
performance between the two receivers for BPSK signals.
Moreover, within the large photon number regime, we
find that the error probability of the optimum quantum
receiver does not asymptotically approach that of the
homodyne receiver, but rather the difference increases.
Therefore, it is expected that this difference is maintained
in the limit when quantum states are almost classical.

Figure 1: Error probabilities of the homodyne and the
optimum quantum receivers.

4 Conclusion

In the present paper, we considered a model of an at-
tenuated quantum channel with probabilistic transmis-
sivity that obeys a non-Gaussian distribution and derived
the error performance for the homodyne and the opti-
mum quantum receivers. From the results we computed,
superiority in quantum communication is seen over the
entire range of the average number of photons. Further-
more, we showed that the error probability for the model
almost coincides with that of a classical fading channel
at least for the BPSK signals. We expect that the model
provides a one-dimensional approximation of a quantum
channel describing fading phenomenon [7, 8].
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Abstract. Device-independent (DI) quantum information processing is a novel paradigm of quantum
information where analyses are carried out directly from the observed correlations between measurement
outcomes. While DI characterization of quantum states and measurements is intrinsically more robust,
there remains an important gap between the theoretical tools developed for such purposes and the ex-
perimentally obtained correlations, which generically violate the non-signaling condition. In this work,
we discuss some theoretical tools that may allows us to bridge this gap and compare how they perform
under various sample sizes. This, in turn, provides insight on the minimal sample size needed for DI
characterizations.
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The ability to prepare quantum states of interest reli-
ably and the ability to manipulate them at will are the
basic requirements of all quantum information process-
ing tasks. Typically, in order to certify that a desired
quantum state has been prepared with some reasonable
fidelity, quantum state tomography involving a daunting
set of local measurements is carried out. If, instead, only
specific properties of the quantum state are of interest,
then a partial tomography in the form of appropriate wit-
nesses (such as an entanglement witness) is employed.

Although these resource characterization procedures
have been in place for a long time, the fact that we always
have access to only finite sample size and that they rely
on the detailed knowledge of the measurement performed
make them susceptible to various systematic errors (see,
for instance, [1] and references therein). Developing ro-
bust means to characterize quantum state in a practical
setting is thus of fundamental importance for the imple-
mentation of quantum information processing tasks.

Incidentally, the relatively young field of device-
independent quantum information [2, 3] provides a (par-
tial but) natural solution to this problem. Within the
paradigm of device-independence, the analysis of exper-
imentally observed data is carried out without assuming
the Hilbert space dimension of the physical system mea-
sured, let alone the measurements giving rise to these ob-
served correlations. As such, this approach is inherently
immune to, e.g., possible misalignment systematic error
that may take place during the measurement procedure.

While a handful of theoretical techniques (see, e.g.,
[4, 5, 6]) have been developed for this rapidly emerg-
ing area of research, there remains some important gaps
between many of these techniques and their actual im-
plementation in physical systems. For example, with the
assumption of samples being independent and identically
distributed (i.i.d.), the correlations between measure-
ment outcomes — which we represent using a collection
of joint conditional probability distributions {P (~a|~x)}—
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are usually estimated as the observed relative frequencies
of measurement outcomes. In the asymptotic limit when
the number of sample size N →∞, quantum theory pre-
dicts correlations between measurement outcomes that
satisfy the Born rule. (Henceforth, we refer to the set of
distributions arising from quantum theory as Q.)

In practice, however, one will always have access only
to a finite amount of data. Thus, such estimated correla-
tions always deviate from quantum prediction. In partic-
ular, they do not even satisfy the so-called non-signaling
conditions [7]. On the other hand, all theoretical tools
that have been developed for device-independent quan-
tum information (either implicitly or explicitly) assume
that the correlation observed satisfies the no-signaling
condition. Our goal here is investigate a few generic set
of tools that may allow one to bridge the aforementioned
gap when one has access only to finite statistics.

The first of these bridging tools was proposed in [8],
and amounts to finding the nearest quantum approxima-
tion (NQA)—according to certain norm —to the raw

correlation ~PObs estimated from relative frequencies. In
practice, as these does not seem to be a simple character-
ization of the set of quantum correlations, this amounts
to solving some semidefinite program using the super-
set characterizations of the set of quantum distribu-
tion due to Navascués-Pironio-Aćın (NPA) [4, 9] or its
variant [6]. Hereafter, we refer to these supersets as
Q1 ⊃ Q2 ⊃ . . . ⊃ Q. Moreover, for simplicity, in look-
ing for the NQA, we use Q1 as our approximation to the
quantum set in all subsequent discussions. In contrast,
the second of this method—developed in [10]—first per-
forms a canonical decomposition of any legitimate condi-
tional probability distribution into a non-signaling part
and a signaling part, followed by a projection onto the
corresponding non-signaling subspace. For convenience,
we henceforth refer to these methods, respectively, as the
NQA method and the projection method.

Clearly, in the asymptotic limit of infinite sample size,
both these methods would recover the prediction given
by quantum theory. Their behavior when there is only
finite data, in contrast, is not at all evident. In this work,
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we perform a systematic study of the reliability of these
methods assuming various sample sizes. In particular, we
employ the following two criteria:

(i) Convergence criterion: for any given quantum
distribution {PQ(~a|~x)}, we expect that the post-
processed distribution obtained by a reliable bridg-
ing method is one that converges to {PQ(~a|~x)} as
the sample size N increases

(ii) Membership criterion: since there is a priori
no guarantee that the post-processed distribution
~Pmethod
Proc (~a|~x) obtained from any of these methods

to be in Q, we demand that as N increases, the
chance of finding ~Pmethod

Proc (~a|~x) to admit a quantum
representation to be increasing (or, at least, non-
decreasing).

To quantitatively compare the reliability of these meth-
ods, we numerically simulate the outcomes obtained in a
Bell-type experiment according to certain ideal quantum
distributions {PQ(~a|~x)}, assuming various sample sizes.

We then use these simulated data to obtain ~PObs(~a|~x)
(by computing the relative frequencies) and post-process

each such raw distribution ~PObs(~a|~x) using one of the

methods mentioned above to obtain ~Pmethod
Proc (~a|~x). To

evaluate the reliability of these methods against the con-
vergence criterion, the distance of each post-processed
distribution to {PQ(~a|~x)} is computed, for simplicity, us-
ing the `1 norm. And to evaluate the reliability of these
methods against the membership criterion, we check for
the membership of each ~Pmethod

Proc (~a|~x) against increasingly
better approximations of the set of quantum correlations.

As a first example, we performed the simulation us-
ing the quantum distribution {~PCHSH

Q (~a|~x)} that leads to
the maximal Clauser-Horne-Shimony-Holt (CHSH) [11]
Bell-inequality violation. For both the projection method
and the NQA method (assuming the `1, `2 and `∞
norm), basic fitting suggests that the average distance∑

~x,~a

∣∣∣~P projection
Proc (~a|~x)− ~PQ(~a|~x)

∣∣∣ decreases essentially in

all cases as 1/
√
N , thereby showing that all these meth-

ods have preserved the rate of convergence of ~Pmethod
Proc (~a|~x)

to the ideal quantum distribution {~PCHSH

Q (~a|~x)}.
On the other hand, for the membership test, we see

that the NQA method with `1-norm performs consider-
ably better than the projection method, while the NQA
method with `2-norm has similar performance as the lat-
ter. Note that when subjected to the more stringent
test of Q2 compared with Q1, the chance of finding a
~Pmethod
Proc (~a|~x) within Q shrinks by a factor of 2 or more for

all these methods (while going from or Q2 to Q3 makes
hardly any difference). Interestingly, for all these meth-

ods, we see that the chance of obtaining ~Pmethod
Proc (~a|~x) that

lies inside Qk for k = 1, 2, 3 rapidly converges at about
N ≈ 200. This therefore suggests that for any mean-
ingful device-independent analysis, the minimal sample
size needed is of the order of 102. In the poster, we will
also present the corresponding plots assuming other ideal
quantum distributions {PQ(~a|~x)}.
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Figure 1: Average probability of finding ~Pmethod
Proc (~a|~x)

inside the various supersets of Q, specifically Qk for
k ∈ {1, 3}. Each ~Pmethod

Proc (~a|~x) is obtained by simulating

the quantum distribution ~PCHSH

Q according to the sample

size shown. The plot for ~PNQM
Proc (~a|~x) in conjunction with

Q1 has been omitted as, by definition, each ~PNQM
Proc (~a|~x) is

a member of Q1. For clarity, the corresponding plots for
Q2 have been suppressed as they are essentially visually
indistinguishable from the plots for Q3.
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Device-independent witnesses for entanglement depth: a case study
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Abstract. We investigate a generalization of the family of device-independent witnesses for entanglement
depth proposed in Liang et al. [Phys. Rev. Lett. 14, 190401 (2015)] and its one-parameter generalizations.
Specifically, we compute the device-independent k-producible bounds as a function of the number of parties
n and an additional parameter γ for some small values of n. The effectiveness of these generalized witnesses
against the original one is compared by determining the robustness of these witnesses against white noise
for a few family of genuine multipartite entangled states. We also investigate the quantum violation of
these witnesses by the generalized Greenberger-Horne-Zeilinger (GHZ) states.

Keywords: Device-independent quantum information, finite statistics, quantum correlations

With the advent of quantum information, the general
perception of quantum entanglement [1] has been shifted
from a bizarre feature offered by quantum theory to a
useful resource for information processing. Indeed, by
now, entanglement is a well-recognized resource in vari-
ous quantum information tasks, from quantum key distri-
butions, quantum communication to quantum computa-
tion etc. The reliable preparation of entangled quantum
state and the characterization of the corresponding en-
tanglement are thus important steps in these tasks.

Traditional means for characterizing quantum entan-
glement involves quantum state tomography, or the mea-
surement of so-called entanglement witnesses, namely,
Hermitian observables whose expectation value is guar-
anteed to be non-negative for separable states but which
can be negative for at least one entangled state. While
the measurement of such witnesses is much more prefer-
ably over a full-state tomography, it still shares a com-
mon drawback with the latter approach, namely, that it is
highly susceptible to various systematic errors [2, 3, 4, 5]
(especially in the presence of finite sample size), such as
a misalignment systematic error [6]. A possible way to
get around this issue is to measure, instead, a so-called
device-independent witnesses for entanglement [7], where
conclusions are drawn directly from the observed corre-
lations between measurement outcomes, without any as-
sumption of the Hilbert space dimension of the test state,
or the measurements being implemented during the test.

In contrast with conventional approach for witnessing
entanglement, a device-independent witness relies on the
observation of Bell-nonlocal correlations, i.e., correlations
that violate some Bell inequality [8, 9]. In a multipartite
setting, the strength of violation of these correlations may
even be used to witness the entanglement depth [10]—
the extent to which the underlying system is many-body
entangled—present in the system. See Figure 1 for an
illustration of the notion of entanglement depth.

While the possibility to witness entanglement depth
using Bell inequalities [11] was already recognized (im-
plicitly) in some earlier works based on the Mermin-
Ardehali-Belinskii-Klyshko inequalities [12], it was not

∗L26041040@mail.ncku.edu.tw
†ycliang@mail.ncku.edu.tw

Figure 1: Schematic diagram showing the idea of an en-
tanglement depth. Dashed-lines connecting any two cir-
cles symbolically represent that the two subsystems are
entangled. The minimal many-body entanglement re-
quired to reproduce the quantum state associated with
this system is 4, and thus this 7-partite system has an
entanglement depth of 4.

until the work of [13] where this was properly formalized.
In particular, the following family of device-independent
witnesses for entanglement depth applicable to n parties,
each allowed to perform two dichotomic measurements
was proposed:

Ikn : 21−n
∑

~x∈{0,1}n
En(~x)− En(~1n)

k-producible
states

≤ SQ,∗
k , (1)

where ~x is an n-bit string describing the choice of mea-
surements for each party, En(~x) is the full n-partite cor-
relator, i.e., the expectation value of the product of all n
parties’ measurement outcomes (each measurement out-
come is assumed to be ±1), and SQ,∗

k is the maximal
possible quantum value of the left-hand-side of Eq. (1)
when n is replaced by k. If the measurement statistics
observed in an n-party Bell-type experiment gives rise to
a value for the left-hand-side of Eq. (1) that is larger than
SQ,∗
k , then one can immediately conclude that the shared

state cannot be k-producible [14] and thus must have an
entanglement depth of at least k + 1.

Towards the end of [13], a one-parameter generaliza-
tion of the above witness was provided:

Ikn(γ) :
γ

2n

∑
~x∈{0,1}n

En(~x)− En(~1n)

k-producible
states

≤ SQ,∗k,γ , (2)
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where 0 < γ ≤ 2 and as above, SQ,∗k,γ is the maximal
quantum value of the left-hand-side of the above inequal-
ity when n is replaced by k. Notice that when γ = 2, the
witness of Eq. (2) reduces to the witness of Eq. (1). While
it was shown in [13] that Eq. (2) represent a legitimate
family of device-independent witnesses for entanglement
depth, the explicit form of the right-hand-side of Eq. (2),

i.e., SQ,∗k,γ has not been determined. The usefulness of
these witnesses compared with the witness of Eq. (1) has
also not been investigated. In this work, we address some
of these issues and also investigate the quantum violation
of these witnesses beyond the family of states considered
in Ref. [13].

To determine SQ,∗k,γ , we adopt the ansatz given in [13]:
we assume that the n parties share an n-partite
Greenberger-Horne-Zeilinger (GHZ) state [15] |GHZn〉 =
1√
2

(|0〉⊗n + |1〉⊗n), and that each party performs mea-

surement described by the ±1-outcome observables

Axi=0 = cosασx + sinασy, (3a)

Axi=1 = cos(φn + α)σx + sin(φn + α)σy (3b)

where α = −n−12n φn. The left-hand-side of Eq. (2) then

evaluates to SQn,γ(φn) = γ cosn+1 φn

2 −cos
(
n+1
2 φn

)
, which

can be maximized further over φn ∈ [0, π2 ]. Carrying this
out explicitly, one can verify using a converging hierar-
chy [16, 17] of semidefinite programs and for n ≤ 5 that
the maximal quantum value of Eq. (2) can indeed be
achieved via this ansatz, i.e., SQ,∗n,γ = maxφn SQ

n (φn).
To compare the effectiveness of the generalized fam-

ily of witnesses Ikn(γ) against the original one Ikn(2) for
witnessing entanglement depth, we carry out numeri-
cal optimizations for the maximal quantum violation of
these witnesses for the same four families of states consid-
ered in [13], namely, |GHZn〉, the n-partite W-state [18],
and the n-partite 1-dimensional cluster states [19] with
opened (closed) boundary condition. Unfortunately, for
the few values of γ = `

4 with ` = {1, 2, . . . , 7} that we
investigated, there does not seem to be any advantage of
Ikn(γ) compared with that of Eq. (1) (when measured in
terms of their white-noise robustness).

Next, we investigate its quantum violation of these wit-
nesses by the high-dimensional generalization of the GHZ
state, i.e., |GHZn,d〉 = 1√

d

∑d−1
i=0 |i〉⊗n. For even d, we

consider the modified ansatz

Axi=0 =

d
2−1⊕
j=0

cosασ(2j,2j+1)
x + sinασ(2j,2j+1)

y , (4a)

Axi=1 =

d
2−1⊕
j=0

cos(φn + α)σ(2j,2j+1)
x + sin(φn + α)σ(2j,2j+1)

y

(4b)

where the superscripts are used to label the qubit sub-
space [spanned by {|2j〉, |2j + 1〉}] at which the Pauli
matrices act on. For the same choice of parameters α
and φn, this turns out to give exactly the same quantum
value as with |GHZn,2〉 = |GHZn〉. We thus know that

Ikn are also good device-independent witnesses for entan-
glement depth for states that are close to |GHZn,d〉 for
arbitrary n ≥ 2 and arbitrary d even.
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Abstract. We analyze a quantum assembly code translated from a programmed quantum algorithm via
a quantum computing compiler. From the analysis result, we estimate the running time of the algorithm
on a quantum computer.
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Since the mid-1990s, a quantum computer has at-
tracted much attention because several quantum algo-
rithms such as factoring algorithm and unstructured data
search algorithm were proposed [1]. It was proved that
the algorithms have relatively low computational com-
plexity than classical algorithms for the same problems.
Therefore, it has been widely believed that a quantum
computer that executes the algorithms can solve the
problems much faster than a classical digital computer,
even a supercomputer listed in the TOP5001.

On the other hand, in the words of Pérez-Delgado and
Kok [2], a quantum computer has to execute an efficient
quantum algorithm efficiently. However, unfortunately
nobody has seen that a quantum computer really finds
the answer to the problems faster than a classical digital
computer, even a mobile computing device.

To implement a practical quantum computer, we have
to overcome a quantum noise problem. Quantum infor-
mation is very susceptible to quantum noise, and thus it
is almost impossible to keep the original state of quantum
information long enough for a reliable computing with-
out any protection. The fault-tolerant quantum comput-
ing based on a quantum error-correcting code is to date
the most promising methodology to fight against quan-
tum noise. The computing protocol allocates huge time
(gate) and space (qubit) resource for a reliable quantum
computing in spite of quantum noise.

By the way, due to the big overhead, it may be very
difficult to keep the efficiency of the quantum computing
algorithm in the real situation. In particular, by addi-
tional gates for the quantum error correction and fault-
tolerant operations, it is very difficult to keep the fast
problem-solving ability with the fault-tolerant protocol.

In this work, we try to see how much the fault-tolerant
architecture affects the execution of quantum algorithms.
For that reason, we first analyze quantum assembly codes
translated from programmed quantum algorithms via a
quantum computing compiler, and then estimate the run-
ning time of the algorithms. As is well known, an assem-
bly code is positioned at the middle of the whole comput-
ing procedure from an algorithm to a signal controlling
hardware devices. Consequently, we believe that it is
reasonable to estimate the running time of a quantum

1http://www.top500.org

computer from a quantum assembly code rather than a
quantum algorithm itself.

A quantum computing compiler translates a pro-
grammed quantum algorithm into a quantum assembly
code which consists of both of the quantum instructions
for qubits and unitary gates and the reduced classical in-
structions [3, 4]. There are two types of quantum assem-
bly codes, modular and non-modular. A modular code is
made up of one main module and several sub-modules.
The pre-defined sub-modules are called with qubit pa-
rameters during the execution of the main module. On
the contrary, a non-modular code has one main module
only. All the functions are stated in the main module
without any structure.

There is no difference in the execution between both
codes, but for the analysis the modular code is more use-
ful because of its structure and small size. After perform-
ing the analysis on the sub-procedures, the results are
combined to analyze the main module. From the analy-
sis result, we can estimate the required resource and the
running time of the quantum algorithm. In addition, we
can also find critical areas that consume much resource.

For this work, we use an open quantum computing
compiler ScaffCC that supports a programming language
Scaffold [4, 5]. By using the compiler, we translate two
quantum algorithms, Binary Welded Tree (BWT) and
Ground State Estimation (GSE). The BWT is a graph
traversal problem that finds a path from an entrance node
to an exist node over a welded binary tree. The quan-
tum BWT algorithm is based on quantum random walk,
which provides an exponential speed up over a classical
algorithm [6]. The GSE algorithm is a quantum simula-
tion algorithm to find the ground state of a molecule [7].

For the analysis, we assume the following quantum sys-
tem and fault-tolerant protocols. We employ the FCFS
(First Come First Served) scheduling over quantum gates
and 2D lattice for the qubit arrangement layout. In par-
ticular, the two-qubit operation is affected by the layout
because qubits have to be re-positioned beforehand by
following the layout.

We apply the fault-tolerant quantum computing proto-
col based on the concatenated Steane code. We differ the
gate execution time according to the implementations of
a logical gate, transversal and non-transversal. Further-
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Figure 1: Time units for running BWT algorithm.

more, because the level-1 logical qubit is not enough to
satisfy a threshold of a quantum computing component,
we vary the level of the concatenation. After each logi-
cal operation, the fault-tolerant quantum error correction
based on Shor’s scheme [8] is applied to logical qubits.

Fig. 1 shows the analysis result on the required time
units for running the BWT algorithm. Note that the
level-0 indicates an ideal quantum computing without
logical operations and quantum error correction. For
BWT problem, a critical input value is known as a height
300 [6, 9]. Note that the critical input value is the max-
imum input value (the height of a binary tree) it is be-
lieved that a classical digital computer solves efficiently.
Which means that the BWT problem with a tree of
height greater than 300 can be solved by a quantum com-
puter faster than a digital computer. From our analysis
result, the problem can be solved around 15 hours by
a quantum computer under the assumptions: the quan-
tum processor works at 1GHz and the concatenation level
is 4. If a concatenation level is higher than 4, the re-
quired time increases remarkably, 58 days (level-5) and
15.2 years (level-6). But fortunately such a high concate-
nation level is not required [10].

Fig. 2 shows the analysis result about GSE (M=04,
b=09) algorithms on varying the concatenation level.
The critical input value for GSE is known as M = 208 [4],
but unfortunately we did not analyze it because we could
not compile the case due to the lack of classical comput-
ing power. For reference, the size of the quantum assem-
bly code is bigger than 2G bytes even when M = 64.
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Abstract. Nonlocality is an important resource for quantum information processing. Tripartite nonlo-
cality is more difficult to produce in experiments than bipartite ones. In this paper, we analyze a simple
setting to generate tripartite nonlocality from two classes of bipartite resources, namely, two-qubit en-
tangled pure states and Werner states. Upper bounds on the tripartite nonlocality, characterized by the
maximal violation of Svetlichny inequalities, are given, and the optimal measurements to achieve these
bounds are provided.
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1 Motivation

Nonlocality is one of the most fundamental character-
istics of quantum mechanics. The nonlocal quantum cor-
relations existing between spatially separated quantum
systems have significant advantages over classical cor-
relations, thus serving as an indispensable resource for
quantum information processing. In recent years, many
novel applications of nonlocality have been developed for
quantum computation and quantum communication [1],
including communication complexity [2], quantum cryp-
tography [3], randomness generation [4], and device in-
dependent quantum computation [5].

The quantum states which exibit nonlocal correlations
are called nonlocal states. The nonlocality of a quan-
tum state can be verified by Bell-type inequalities which
give upper bounds on all local correlations that admit
a local hidden variable (LHV) model [1]. For bipartite
quantum systems, a sufficient criterion of being nonlocal
is the violation of Clauser-Horner-Shimony-Holt (CHSH)
inequality [6], while for tripartite systems, Svetlichny in-
equality plays a similar role [7].

In the last several decades, nonlocality of bipartite sys-
tems has been extensively investigated. However, the
problem regarding multipartite nonlocality is much more
complicated than the bipartite case, and very few works
were presented in the literature. Even the nonlocality
of three-qubit states, the simplest multipartite system-
s, is not well understood. In this special case, Ghose et
al. derived an analytical expression of nonlocality for the
generalized GHZ states and W states [11]. Later in 2010,
Ajoy et al. extended this result to a set of more general
GHZ-class states and W-class states [12].

In experiments, it is much harder to produce entangled
tripartite systems than bipartite ones [13]. Note that be-
ing entangled is the necessary condition of being nonlocal
for quantum systems. Therefore, it has practical mean-
ing to generate tripartite nonlocal systems from bipartite
ones.

∗youngpath2012@gmail.com
†Yuan.Feng@uts.edu.au

2 Summary of Contribution

We analyze in this paper a simple setting, showed in
Figure 1, for generating tripartite nonlocality from bipar-
tite resources. There are three remotely located partici-
pants Alice, Bob, and Clare. Alice and Bob each shares a
copy of the resource state ρ with Clare, denoted as ρAC1

and ρBC2 respectively. Clare then applies a CNOT oper-
ation on C1 (the control qubit) and C2 (the target qubit),
and measures the system C2 with some projective mea-
surement. The tripartite nonlocality of the remaining
systems ABC1 will be quantified by the maximal viola-
tion of Svetlichny inequalities.

Figure 1: The setting for tripartite nonlocality genera-
tion.

Two different types of resource states are investigated
in the paper: two-qubit Werner states

ρW = p|Φ〉〈Φ|+ (1− p)I
4

(1)

where 0 < p < 1 and |Φ〉 = (|00〉 + |11〉)/
√

2, and arbi-
trarily entangled two-qubit pure states with the Schmidt
decomposition

|Φθ〉 = cos θ|00〉+ sin θ|11〉, 0 < θ <
π

2
. (2)

Our contributions are detailed as follows:
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• A simple way to evaluate the maximal violation of
Svetlichny inequalities for a special class of three-
qubit states. We develop a technique to calculate
the maximal violation of Svetlichny inequalities for
a class of three-qubit states including both pure s-
tates and mixed states. With this technique, we
are able to compute the maximal violation for gen-
eralized GHZ states |Ψθ〉 = cos θ|000〉 + sin θ|111〉
which reads

Smax(Ψθ) =

{
4| cos 2θ| if sin2 2θ < 1

3

4
√

2| sin 2θ| if sin2 2θ ≥ 1
3 .

This result coincides with [11], but the proof is
much simpler. Furthermore, the technique plays
a crucial role in obtaining optimal measurements
for generating tripartite nonlocality from bipartite
resources considered in this paper.

• Optimal measurement for generating tripartite non-
locality from Werner states. Suppose a Werner s-
tate ρW as defined in Eq.(1) is used as the bipartite
resource in Fig. 1, and Clare is only allowed to per-
form projective measurement in the X − Z plain.
Then the maximal Svetlichny inequality violation
of the remaining states satisfies

p0Smax(ρ0) + p1Smax(ρ1) ≤ 4p2
√

2,

where ρ0 and ρ1 are the post-measurement states of
system ABC1 with the corresponding probabilities
p0 and p1, respectively. The equality holds when
the measurement according to the standard basis
{|0〉, |1〉} is applied. Furthermore, in this case the
maximal violation 4p2

√
2 is achieved for both mea-

surement outcomes, thus tripartite nonlocality will
be generated with certainty if p > 2−

1
4 ≈ 0.8409.

• Optimal measurement for generating tripartite non-
locality from two-qubit pure states. Suppose |Φθ〉 as
defined in Eq.(2) is used as the bipartite resource
in Fig. 1, i.e. ρ = |Φθ〉〈Φθ| where

0.4911 ≈
√

1

2
− 1

2

√
2−
√

3 ≤ cos θ

≤
√

1

2
+

1

2

√
2−
√

3 ≈ 0.8711,

and Clare is only allowed to perform projective
measurement in theX−Z plain. Then the quadrat-
ic mean1 of the maximal Svetlichny inequality vio-
lations of the remaining states satisfies

√
p0Smax(Ψ0)2 + p1Smax(Ψ1)2 ≤ 4

√
2 sin2 2θ

1 + cos2 2θ
,

where |Ψ0〉 and |Ψ1〉 are the post-measurement s-
tates of system ABC1 with the corresponding prob-
abilities p0 and p1, respectively. Again, the equality

1For technical reasons, here we consider the quadratic mean,
instead of the arithmetic mean as for the Werner states case, to
quantify the tripartite nonlocality of the remaining states.

holds when the measurement according to the stan-
dard basis {|0〉, |1〉} is applied. Furthermore, in this
case we have Smax(Ψ1) = 4

√
2 and

Smax(Ψ0) =
4
√

2 sin2 2θ

1 + cos2 2θ
. (3)

Thus tripartite nonlocality will be generated with
certainty if

0.5412 ≈

√
2−
√

2

2
< cos θ <

√√
2

2
≈ 0.8409.
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Abstract. We introduce and analyze graph-associated entanglement cost, a generalization of the entangle-
ment cost of bipartite quantum states to multipartite. We identify a necessary and sufficient condition for
any multipartite entangled state to be constructible when quantum communication between the multiple
parties is restricted to a network represented by a tree. The condition for exact construction is expressed in
terms of the Schmidt ranks of the state defined with respect to edges of the tree. We also study approximate
construction and provide a second-order asymptotic analysis.

Keywords: multipartite entanglement, entanglement cost, distributed construction of states

1 Introduction

Convertibility between multipartite quantum states by
means of local operations and classical operation (LOCC)
establishes a hierarchy on entanglement of the quan-
tum states [1]. The convertibility results obtained in
the LOCC framework also apply to more general non-
LOCC settings, answering resource requirements for cer-
tain tasks. For instance, let there be two parties sepa-
rated by some distance, who are connected by a quan-
tum channel, but otherwise limited to LOCC. The op-
timal amount of quantum communication to asymptoti-
cally construct a shared entangled state equals the entan-
glement cost [2], since a noiseless qubit channel can be
simulated by quantum teleportation with one Bell state
besides LOCC.
This scenario generalizes to more parties connected by

several quantum channels. The connectivity can be rep-
resented by a graph G = (V,E), where each vertex v ∈ V
corresponds to a party and edge e ∈ E to a channel. The
total number of channels is not enough to characterize
the network of channels. It amounts to the fact that the
topology of the whole graph cannot be determined by
the total number of edges. To represent a network con-
necting N parties, at least N − 1 edges are required. A
connected graph of the least number of edges is called a
tree.
If each channel at e ∈ E has a limited capacity, say, of

log2me qubits, the parties must suitably exploit the lim-
ited resources to construct a given state. Each noiseless
quantum channel is equivalent to a maximally entangled
state of me-level systems, which composes an initial re-
source state |Φres(G)⟩. The possibility of the pursued
state construction is determined by a generalized notion
of bipartite entanglement cost, which we name graph-
associated entanglement cost.
We analyze the graph-associated entanglement cost of

multipartite pure states under trees to achieve exact and
approximate state construction. Our answer to the for-

∗yamasaki@eve.phys.s.u-tokyo.ac.jp
†soeda@phys.s.u-tokyo.ac.jp
‡murao@phys.s.u-tokyo.ac.jp

Figure 1: Construction of a multipartite entangled state
ρ (gray circles) under a graph G. Parties (squares) are
connected by quantum channels (lines) specified by G.
Each channel is equivalent to LOCC and a maximally en-
tangled state (a pair of black circles connected by a line),
which composes a resource state |Φres(G)⟩. The con-
struction task is to transform |Φres(G)⟩ into ρ by LOCC.

mer is given in terms of the Schmidt rank [3] defined
with respect to edges of the given tree. For the latter,
we refine the analysis given in Ref. [4] and combine the
results of Ref. [5] to provide the second-order asymptotic
analysis.

2 Multipartite State Construction and
Graph-associated Entanglement Cost

We consider the tasks of exact and approximate con-
struction of a multipartite entangled state ρ, as shown in
Figure 1. In the LOCC framework, the exact construc-
tion under a graph G for a target state ρ is defined as a
task to deterministically and exactly transform the initial
resource state |Φres(G)⟩ into the target state ρ by LOCC.
The (n, ϵ)-approximate construction under G for ρ is de-
fined as a task to deterministically transform |Φres(G)⟩
by LOCC into an N -partite state ρ̃n which approximates
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n copies of the target state ρ⊗n up to ϵ in terms of the
trace distance. Note that the system size for the initial
resource state and the target state is not necessarily the
same.
We define variants of graph-associated entanglement

cost, namely graph-associated total entanglement cost
and graph-associated edge entanglement cost. As
|Φres(G)⟩ consists of bipartite maximally entangled
states, we can quantify entanglement of |Φres(G)⟩ using
ebit, which represents the entanglement entropy of a Bell
state. The total amount of entanglement of |Φres(G)⟩
is the sum of the amount of bipartite entanglement at
all the edges. The exact (or (n, ϵ)-approximate) graph-
associated total entanglement cost is defined for a graph
G and an N -partite state ρ as the minimum total amount
of entanglement of |Φres(G)⟩ from which the exact (or
(n, ϵ)-approximate) construction under G for ρ is achiev-
able.
We define graph-associated edge entanglement costs

to characterize distributed entanglement properties of
multipartite states. There can be several optimal ini-
tial resource states minimizing the graph-associated to-
tal entanglement cost, and we assign an index i to rep-
resent different configurations of the optimal resource
states. For a graph G and an N -partite state ρ, let∣∣∣Φ̂ires(G, ρ)⟩ denote the optimal initial resource state

with configuration i for the exact construction under G
for ρ. Then, exact graph-associated edge entanglement
cost EGGC,i,e(ρ) is defined as the amount of entanglement
of the bipartite maximally entangled state prepared at

edge e ∈ E of
∣∣∣Φ̂ires(G, ρ)⟩. Similarly, (n, ϵ)-approximate

graph-associated edge entanglement cost EG,n,ϵGC,i,e(ρ) is de-
fined for the (n, ϵ)-approximate construction.

3 Graph-Associated Edge Entanglement
Costs under Trees

We analyze the graph-associate entanglement costs un-
der a special class of graphs, trees, which represent a net-
work in which all the parties are connected by the small-
est number of channels. We assume that target states
are pure states, denoted by |ψ⟩, for simplicity. When
any edge e ∈ E on a tree T is deleted, T is divided into
two connected components. A reduced state ρe of |ψ⟩
with respect to the edge e is defined as the one obtained
by tracing out the systems belonging to one of the two
components. We obtain the following theorems.

Theorem 1. Exact graph-associated entanglement cost:
For any tree T = (V,E) and any N -partite pure state
|ψ⟩, the configuration i for the optimal resource state∣∣∣Φ̂ires(T, ψ)⟩ is uniquely determined, and, for each edge

e ∈ E,
ETGC,i,e (ψ) = log2 rank ρe.

Theorem 2. (n, ϵ)-approximate graph-associated entan-
glement cost: For any tree T = (V,E), any N -partite
pure state |ψ⟩, any ϵ, n > 0, and any configuration i for
the optimal resource state of the (n, ϵ)-approximate con-
struction, it holds that

1. upper bound: For error thresholds at respective
edges denoted by ϵ′(e) > 0 for each e ∈ E satis-
fying

∑
e∈E 2ϵ′(e) ≦ ϵ,

∑
e∈E

ET,n,ϵGC,i,e (ψ) ≦
∑
e∈E H

ϵ′(e)2/4

s (ρ⊗ne )

n
,

where H
ϵ′(e)2/4

s is the quantum information spec-
trum entropy defined in Ref. [5].

2. lower bound: For any δ, η > 0 and each e ∈ E,

ET,n,ϵGC,i,e(ψ) ≧
H
ϵ2/4+η

s (ρ⊗ne )− δ + log2 η

n
.

To prove Theorem 1 and 2, we explicitly provide an
optimal algorithm for exact construction, in which |ψ⟩ is
constructed in a distributed manner based on a recursive
description of |ψ⟩ under trees. Approximate construction
of |ψ⟩⊗n can be achieved by exact construction of an ap-

proximate state
∣∣∣ψ̃n⟩ calculated from ϵ′. Our construc-

tion algorithms can save the maximum quantum memory
space of parties.
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Abstract. We study a generalization of Kitaev’s abelian toric code model defined on CW complexes.
In this model qudits are attached to n dimensional cells and the interaction is given by generalized star
and plaquette operators. These are defined in terms of coboundary and boundary maps in the locally
finite cellular cochain complex and the cellular chain complex. We find that the set of energy-minimizing
ground states and the types of charges carried by certain localized excitations depend only on the proper
homotopy type of the CW complex. As an application we show that the homological product of a CSS
code with the infinite toric code has excitations with abelian anyonic statistics.

1 Background

Homological quantum codes are a class of CSS codes
with stabilizer generators constructed from finite dimen-
sional chain complexes over a finite field and equipped
with a distinguished basis. Algebraic topology is a rich
source of such chain complexes, the main examples being
the simplicial chain complex of a triangulated space and
the cellular chain complex of a CW complex. From a
purely coding-theoretic point of view, these are interest-
ing because they offer the possibility to construct quan-
tum LDPC codes from spaces with a “bounded local
geometry”. The first such example was the toric code
introduced by Kitaev [1], which has constant stabilizer
weights, O(

√
n) distance and constant dimension.

To every CSS code with a given set of stabilizer gener-
ators there is a canonically associated Hamiltonian. The
interaction terms are −1 times the projections onto the
subspaces fixed by each generator, and the ground state
space coincides with the code space. Importantly, if the
CSS code is constructed from a cellular chain complex,
then the interaction terms are local (with respect to the
underlying topology), making such codes promising can-
didates for a potential physical implementation. Addi-
tionally, the toric code is known to have another interest-
ing feature, namely it exhibits topological order and has
excitations resembling localized charged particles with
anyonic statistics.

Ref. [2] introduced the homological product operation
for CSS codes, which corresponds to the tensor product
of the underlying chain complexes. This in turn is the
algebraic counterpart of the cartesian product of topo-
logical spaces, but is also defined for abstract chain com-
plexes. Important applications include ref. [3], where it
was shown that the tensor product of two random chain
complexes gives rise to asymptotically good codes with
only O(

√
n) stabilizer weights, and ref. [4], where a spe-

∗vranap@math.bme.hu
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cific family of product codes is shown to have a phase
transition at a finite temperature.

The homological product construction thus seems to
have interesting properties both at the level of abstract
codes and for the corresponding physical systems with
local Hamiltonians. In ref. [3] the following question
was posed as one of the open questions: Do homological
products of the toric code and some fixed code retain the
property of having anyonic excitations? It is this question
which served as the main motivation for our work.

2 Results

In order to rigorously formulate the question, we use
the language of algebraic quantum field theory, following
the similar analysis of the toric code model in refs. [5, 6].
In this framework, it is necessary to consider infinite sys-
tems, thus the torus in the toric code is replaced with a
plane. It turns out that much of the analysis can be ex-
tended to more general spaces with the help of algebraic
topology. For this reason, the starting point of our inves-
tigation is the following collection of data: 1) a locally
finite CW complex E, 2) a finite abelian group G, and
3) a natural number n. The subsystems are described by
the Hilbert space `2(G), and they live on the set En of
n dimensional cells of E. The interaction terms (equiva-
lently: stabilizer generators) are defined in terms of the
boundaries of n + 1-cells (for Z-type) and coboundaries
of n−1-cells (for X-type). From these data one can con-
struct a C*-algebra A (quasilocal-algebra) together with
a derivation encoding the infinitesimal time evolution.

To present the model more precisely, we introduce
some notation. For any g ∈ G we let Xg be the uni-
tary acting on `2(G) as |h〉 7→ |g + h〉 and for any χ ∈ Ĝ
we let Zχ act as |h〉 7→ χ(h) |h〉. If γ is a formal lin-
ear combination of n-cells with coefficients in Ĝ (thought
of as an n-chain), then Zγ denotes the tensor product
of the Z-type operators acting at the appropriate posi-
tions. Similarly, if δ is a formal linear combination of
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n-cells with coefficients in G (a locally finite n-cochain),
then Xδ denotes a product of X-type operators. For an
n− 1-cell eα and an n+ 1-cell eβ we let

Aα =
1

|G|
∑
g∈G

X∂T (geα) and Bβ =
1

|G|
∑
χ∈Ĝ

Z∂(χeβ),

where ∂ and ∂T denote the boundary and coboundary
operations, respectively. The Hamiltonian is the sum of
−Aα and −Bβ over the n± 1 cells.

Since for every finite (compact) E the corresponding
systems always possess frustration free ground states, it
is natural to look for frustration free ground states in
the infinite case as well, even though in this case there
are also other ground states. We find that these ground
states are in bijection with the set of all states on an al-
gebra, which we call the logical algebra. The structure of
this algebra is determined by the nth homology and lo-
cally finite cohomology groups with coefficients in Ĝ and
G, respectively, and the canonical pairing between the
two. Moreover, the bijection respects irreducibility, the
factor property and quasiequivalence in both directions
(the latter informs us about the possible phases of the
system at zero temperature).

Having found these ground states, the next step is
to look for endomorphisms which, when composed with
a ground state, form states describing localized excita-
tions. By analogy with the infinite toric code, in which
case such endomorphisms can be obtained as conjuga-
tions with products of Z (X) operators along infinite
paths (dual paths), the most general candidates are con-
jugations with arbitrary products of Z (X) operators on
the n-cells. Such products can be conveniently encoded
as locally finite n-chains (n-cochains). Clearly, some re-
strictions need to be made, otherwise the resulting states
could have infinite energy, which is unphysical. The ap-
propriate condition turns out to be that the boundary of
the locally finite n-chain (coboundary of the n-cochain)
has finite support. If γK and δK denote the restriction of
γ and δ to a finite subset K of n-cells (i.e. removing the
terms for cells outside K), the endomorphism is given by

ρ(γ,δ) : A 7→ lim
K→En

ZγKXδKAX−δKZ−γK .

Such locally finite chains and cochains can be thought
of as representatives of homology and cohomology classes
at infinity, i.e. elements of H∞n−1(E; Ĝ) and Hn

∞(E;G).
As usual in algebraic field theory, charged sectors are
identified with certain equivalence classes of representa-
tions of the quasilocal algebra. It turns out that this
equivalence class is left unchanged upon choosing a differ-
ent representative of the (co-)homology classes at infinity
in question.

For a partial converse, it is possible to introduce a uni-
tary representation of H∞n (E; Ĝ) × Hn−1

∞ (E;G) in the
center of the von Neumann algebra generated by the
GNS representation corresponding to these states. If
these representations are inequivalent, then the equiv-
alence classes of GNS representations are also different,
i.e. these are invariants associated to the states. In many

important cases these invariants are able to tell apart
different charged sectors. If the GNS representation is
πω : A→ B(H), then the invariant is defined as

Pω([d]∞, [c]∞) := lim
K±→En±1

πω

(
X∂T (c−cK− )Z∂(d−dK+

)
)
.

When E is essentially plane-like (e.g. the main exam-
ple E = R2×F with F compact), then it is possible to in-
troduce a canonical braiding on the category of localized
endomorphisms. In this case the anyonic charged sectors
correspond to elements of Hn−1(F ; Ĝ) and Hn−1(F ;G),
and the braiding can be expressed via the Kronecker pair-
ing between homology and cohomology classes. In the
special case when F is a point and n = 1, we recover
the results for the toric code, where charged excitations
are obtained using half-infinite paths and dual paths. In
general, one can take the tensor product of an n − 1-
cycle (n− 1-cocycle) in F with a half-infinite path (dual
path), and these give rise to localized (i.e. particle-like)
excitations having anyonic statistics.
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Abstract

It has always been a difficult issue in Statistical Mechanics to provide a generic interaction
Hamiltonian among the microscopic constituents of a macroscopic system which would give
rise to equilibration of the system. One tries to evade this problem by incorporating the
so-called H − theorem, according to which, the (macroscopic) system arrives at equilibrium
when its entropy becomes maximum over all the accessible micro states. This approach has
become quite useful for thermodynamic calculations using the (thermodynamic) equilibrium
states of the system. Nevertheless, the original problem has still not been resolved. In the
context of resolving this problem it is important to check the validity of thermodynamic
concepts – known to be valid for macroscopic systems – in the microscopic world. Quantum
thermodynamics is an effort in that direction. As a toy model towards this effort, we look
here at the process of thermalization of a two-level quantum system under the action of a
Markovian master equation corresponding to memory-less action of a huge heat bath, kept
at certain temperature. A two-qubit interaction Hamiltonian (Hth, say) is then designed
– with a single qubit mixed state as the initial state of the bath – which gives rise to
thermalisation of the system qubit in the infinite time limit. We then look at the question of
equilibration by taking the simplest case of a two-qubit system A+B, under some interaction
Hamiltonian Hint (which is of the form of Hth) with the individual qubits being under the
action of individual heat baths of temperatures T1, and T2. Different equilibrium phases
of the two-qubit system are shown to appear – both the qubits or one of them get cooled
down.

1 Introduction

Physical systems evolving towards an equilibrium state is a very common phenomenon. The
nature of the process, taking any given initial state to a fixed final state, is non-invertible. So if
one tries to give a quantum mechanical description of the process, it must be non-unitary. As we
know all closed systems in quantum mechanics evolve through unitary operators, non-unitary
evolution means a closed system description of equilibration is not possible. This suggests that
one should take an open system approach to equilibration. Along this line Popescu et. al [3, 4]
came up with the idea that although the whole system is undergoing a unitary process a part of
the system can evolve towards equilibrium; the part of the system behaving as an open system.
The usefulness of this process lies in the fact that although we get to study the equilibration
process which is essentially non-unitary, all the nice structures of unitary dynamics are retained.

In this work [1], we take this approach and start with a known thermalization process: a
qubit (system) interacting with a radiation field (bath). The corresponding master equation is
called the quantum optical master equation. We device a unitary process so that the system
qubit interacting with another ancilla qubit (bath) evolve in the same way as the solution of the
quantum quantum optical master equation. Thus we give an joint unitary description of two
qubits where one of them is thermalizing. We then go on to study a chain of qubits with nearest
neighbour interaction (which we have taken to be two for simplicity) with each end connected

1
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to a bath and the temperature of the two baths are different. We find that the system no longer
behaves like its classical counter part. Rather different phases of cooling and heating of the
qubits are obtained by varying the initial temperature of the baths.

2 Themalizing Hamiltonian

We start with a known thermalizing process - a qubit interacting with a bosonic bath - described
by the quantum optical master equation.

dρ

dt
= γ0(N + 1)

(
σ−ρ(t)σ+ −

1

2
σ+σ−ρ(t)− 1

2
ρ(t)σ+σ−

)
+ γ0N

(
σ+ρ(t)σ− −

1

2
σ−σ+ρ(t)− 1

2
ρ(t)σ−σ+

) (1)

Here, N = (exp E(ω)
kBT

− 1)−1 is the Planck distribution. kB is the Boltzmann constant, T is
temperature and E(ω) is the energy at frequency ω. γ0 is the spontaneous emission rate of the
bath and γ = γ0(2N + 1) is the total emission rate (including thermally induced emission and
absorption processes). Here, γ gives the measure of temperature of bath

Solving this master equation gives us the evolution of the qubit. Our next step is to simulate
this dynamics by appending a single qubit mixed state ancilla to the system qubit in order to
find a corresponding 2-qubit unitary. By utilizing the work of G.Narang and Arvind [2], we
succeed in doing this. And from this unitary we are able to extract a Hamiltonian. Since this
Hamiltonian leads to thermalization of the system qubit, we call it the thermalizing Hamiltonian.

Hth(t) = f(t)
(
|φ+〉〈φ+| − |φ−〉〈φ−|

)
(2)

where, f(t) = ±γe−γt/2
2
√
1−e−γt , |φ

±〉 = 1√
2
(|00〉 ± |11〉)

3 Two-qubit Interaction

Armed with the single qubit thermalizing Hamiltonian we try to extend our analysis to one-
dimensional chain of qubits which has heat baths of different temperature at each end. We
consider the simplest case of two qubits as shown in the figure.

Here, A,B are the system qubits and A1, B1 are the corresponding ancillae representing
respective heat baths. We are interested in the respective thermal behavior of the two system
qubits A and B. The thermalizing hamiltonians HA1A(t) and HBB1(t) are given by,

HA1A(t) = a(t)
(
|φ+〉〈φ+| − |φ−〉〈φ−|

)
HBB1(t) = b(t)

(
|φ+〉〈φ+| − |φ−〉〈φ−|

)
Where, a(t) = γ1e−γ1t/2

2
√

1−e−γ1t
and b(t) = γ2e−γ2t/2

2
√

1−e−γ2t
For simplicity, we take the interaction hamiltonian HAB to be of the same functional form

as the thermalizing Hamiltonian.

HAB(t) = c(t)
(
|φ+〉〈φ+| − |φ−〉〈φ−|

)
2
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where, c(t) = γ3e−γ3t/2

2
√

1−e−γ3t
Now, we can calculate the total Hamiltonian and the time evolution operator. We turn to

numerical calculations at this point and plot graphs that indicate whether heating/cooling has
taken place for the system qubits A and B. Heating/cooling is decided by comparing the initial
temperature of the qubits to their final equilibrium temperatures. Some examples for the plots
are shown below (with thermal states as initial states of A, B)

The X and Y axes are the temperature measures of B1 and A1 respectively.Blue indicates
that both qubits have cooled, red indicates that both have heated up and yellow/green indicate
that one has cooled while the other has heated up.

4 Conclusions

We have here different phases of the two qubits A and B in the steady state case: (i) both of
them may be cooled down to min. possible temperatures, (ii) both of them may be heated, or
(iii) one of them gets cooled down and the other one gets heated. But, note that there is never
any violation of the second law. Changing the form/strength of the interaction Hamiltonian
Hint (t), we may get to see a completely different equilibrium phases No external source is
acting on the two qubits (apart from their respective heat baths) In order to come up with a
two-qubit refrigerator (with another qubit system being cooled down) – like in the case of [5]
– we should consider a three-qubit system A + B + C (with a Hamiltonian approach)-starting
from an optical master equation for a squeezed thermal bath (say).

The reference to the arxiv version of the main article is given in [1].
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1 Introduction

In order to demonstrate the ability of quantum com-
puting in the near future, an efficient quantum algorithm
should be implemented efficiently. In general, a quantum
algorithm includes a part to calculate (classical) logic
functions corresponding to a problem instance. Thus,
an efficient design technique for realization of a (clas-
sical) logic function should be very important even for
quantum circuits, as pointed out in the literature (e.g.,
[1]). Therefore, the design methodology of reversible cir-
cuits has been studied very extensively in the reversible
computation as well as quantum computation research
communities.
There are many ways to design a reversible circuit to

calculate a Boolean function; one of the most popular
ways is to design an initial circuit consisting of Mixed
Polarity Multiple-Control Toffoli (MPMCT) gates, and
then decompose a large gate (i.e., with the large num-
ber of inputs) into elementary gates. In the latter part,
there have been proposed many methods dedicated to
reversible/quantum circuits.
For the first part, the important task is to find a small

Exclusive-or Sum-Of-Products (ESOP) expression for a
given Boolean function because we can generate a re-
versible circuit for a logic function by concatenating an
MPMCT gate corresponding to each product term in the
ESOP expression (as we will mention later). There are
many ESOP-based synthesis methods; in the approaches
our essential task is to find a small (with respect to the
quantum cost) ESOP expression, which may be a pure
classical logic synthesis problem.
Recently, the paper [2] proposed an idea to reduce

quantum cost; we add MPMCT gates to change the given
functionality so that the modified function has a smaller
ESOP expression. However, the paper [2] only shows
how to apply the idea to a single output function, and
it is unclear how to deal with multiple-output functions.
Thus, we propose a new method that can reduce quan-
tum costs of multiple output functions by utilizing the
same idea. Our method utilizes a property that we can
“copy” a classical logic by using a CNOT gates. Our
preliminary experimental results confirm that our new
method can reduce quantum cost much more than using
only previous method.

∗dax@ngc.is.ritsumei.ac.jp
†is0112vk@ed.ritsumei.ac.jp
‡ger@cs.ritsumei.ac.jp
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Figure 1: A Kmap for G1.
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Figure 2: A Kmap for G2.
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Figure 3: Kmap for
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Figure 4: A Kmap after
copying the function by a
CNOT gate.

2 Reducing Quantum Cost by Adding
MPMCT Gates

2.1 Previous Method

In the following, we refer to a blank cell or a cell having
the 0 value as 0-value cell in a Kmap. Also, a cell hav-
ing the 1 value is called 1-value cell. A minterm of a
logic function is the combination of all the input variables
(negative or positive) when the logic function becomes 1.
Thus one minterm can corresponds to an MPMCT gate
that has n control bits, which is called anMPMCTn gate
in the following. One 1-value cell in a Kmap corresponds
to one minterm in a logic function, and a rectangular con-
sisting of 2m 1-value cells corresponds to an MPMCTm
gate.
Now let us explain the previous method in [2]. Let a

circuit G have qubits, x1, · · · , xn+1, and calculate a logic
function with n variables (x1, · · · , xn) on xn+1. Suppose
we add an MPMCT gate whose (possibly many) control
and target bits are some of x1, · · · , xn before and after
G. Let the set of control bits of the added MPMCT gate
be C and the target bit be xt. Then, if there is a gate
g in G such that the control bits of g is the same as
C + {xt} and the polarities for the control bits of g and
the added MPMCT gate are the same except for xt, we
need to change (i.e., invert) the polarity of xt of g to keep
the functionality of the circuit. This means that adding
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Figure 5: Copying the function of G1 by a CNOT gate.

𝑥1

𝑥2

𝑥3

𝑥4

𝑡1

𝑡2

𝑥1

𝑥2

𝑥3

𝑥4

𝑡1′

𝑡2′

𝐺1𝑎
𝐺2

𝐺1𝑏
𝐺1𝑎

Figure 6: Copying a part of G1 by a CNOT gate.

an MPMCT can change the locations of 0-value cells and
1-value cells in a Kmap for the function realized by G.
Therefore, if we add appropriate MPMCT gates, we can
modify the given function so that it has a much simpler
ESOP forms; the total quantum cost can be reduced.
By using this modification, the previous method [2] can
design a circuit for a single output function with lower
quantum cost.

2.2 Our New Idea: Using CNOT Gates to Copy
Classical Logic

The previous method explained in the previous section
cannot deal with multiple-output functions efficiently.
Here we propose an efficient method to treat multiple-
output functions directly. Our idea is to use a CNOT
gate to copy a classical logic between multiple outputs.
Let G1 be a set of MPMCT gates whose target bits

are all t1. In other words, G1 is a quantum circuit that
calculates a Boolean function on t1. Let also the Kmap
for the function be as shown in Fig. 1. Further let G2 be
a set of MPMCT gates whose target bits are all t2, and
the Kmap for the function of G2 be as shown in Fig. 2.
Then let us consider to design a circuit that calculates the
above two functions at the same time, i.e., two-output
function. If we add a CNOT gates whose control bit
is t1 and target bit is t2 between G1 and G2 as shown
in Fig. 5, we can ”copy” the function of G1 at t1 into
the function of G2 at t2. This means that the circuit in
Fig. 5 calculate the function that is exactly the same as
G2 at t2 because any MPMCT gate-based circuit is self-
inverse. In othe words, we can consider that the part of
the circuit after the CNOT gate in Fig. 5 (i.e., G1 and
G2) calculates the function whose Kmap is as shown in
Fig. 3. Note that if we ”copy” the 1-value cells in Fig. 1
to the Kmap as shown in Fig. 2, we get the Kmap as
shown in Fig. 3. In conclusion, if the function after the
above ”copy” is easier to be designed than the function
by only G2, the total quantum cost of the circuit designed
as Fig. 5 becomes smaller than the simple concatenation
of G1 and G2. This is our idea in this paper.
We can copy only part of a circuit. Let G1 be divided

into two parts, G1a and G1b. Then, the circuit as shown
in Fig. 6 can copy only the functionality of G1a, and thus
we need to design a circuit equivalent to G2 and G1a for
the function on t2 as shown in Fig. 6.
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Figure 7: Applying previous method to Fig. 5.
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Figure 8: The final circuit.

For the circuit as shown in Fig. 5, we can use the previ-
ous method [2] to design a circuit for the function realized
by G2 and G1. Namely, we add two MPMCT gates be-
fore and after G2 and G1a. By this, the circuit becomes
as shown in Fig. 7, and then our final circuit becomes as
shown in Fig. 8.

3 Experimental Results and Conclusions

To evaluate our idea presented above, we performed
the following experiment. We generated randomly two-
output functions with four variables. We have 16C2 ×
16C2 =14,400 functions even if we only consider the case
when the number of minterms is two. Thus, we tried
10,000 randomly selected two-output functions with four
variables having 2 to 7 minterms. For the randomly se-
lected functions, we compared two methods; (1) we ap-
plied the previous method to each of the outputs, and
combine the results, and (2) we applied our idea to add
CNOT gates to copy appropriate partial function from
one function to another function before applying the pre-
vious method. Then, we confirmed that our proposed
method can achieve lower quantum cost for 95% cases,
and it can reduce the quantum cost by approximately
12.5% compared to the previous method in average.
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1 Introduction

Recently topological quantum computation [2] has
been drawing much attention as one of the promising
ways to realize fault-tolerant quantum computation. The
topological quantum computation model perform compu-
tations by using braiding operations [2]. The most im-
portant issue is that any two operations can be performed
parallelly when the braiding operations corresponding to
the two operations are not physically overlapped [4]. For
example, g1 and g2 in Fig. 1(a) can be performed paral-
lelly because these are not overlapped with each other.
Thus we can reduce a computational time of a circuit by
parallelizing operations. Fig. 1(b) shows the parallelized
circuit.
However, the number of combinations of operations to

parallelize is enormous. Thus it is difficult to find a op-
timal way to parallelize a circuit. Therefore, we propose
some heuristics to parallelize a circuit, and compare var-
ious methods. These heuristics decide sets of operations
(computational steps) that can be performed parallelly
from the beginning (left-hand side) of a give circuit. An
example of a parallelized circuit is shown in Fig. 1(b)
where a dotted-line box means a set of computational
steps that can be performed parallelly.
In the followings, first, we describe an algorithm that

is commonly used in these methods for listing candidates
of computational steps that can be performed parallelly.
Then, we propose three methods, a greedy method, a
method based on a cost function and a probabilistic
method to select good computational steps in the listed
candidates. Our methods parallelize a whole given circuit
by repeating the above two steps (i.e., listing candidates
of computational steps and selecting one from the list.)
Finally we report our experimental result which shows
that the method based on a cost function and the prob-
abilistic method produced good solutions.
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Figure 1: A quantum circuit.
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2 Parallelization of a circuit

2.1 Listing candidates of computational steps

Recently, a promising implementation scheme for topo-
logical quantum computation has been proposed [2]; the
implementation is divided into three parts, initialization
part, a large array of only CNOT gates, and the mea-
surement part. Thus it is very important to optimize
a circuit consisting of only CNOT gates; we consider to
optimize a circuit consisting of only CNOT gates. In the
following, the target and the control qubits of gate gi are
denoted by T (gi) and C(gi), respectively.
First we introduce a terminology “overlapped.”

Definition 1 A pair of gates gi and gj are said to be
overlapped if the line between T (gi) and C(gi) and
the line between T (gj) and C(gj) overlap each other. If
gi and gj are not overlapped, they are said to be non-
overlapped with each other.
For example, in the circuit as shown in Fig. 1(a), g1

whose target and control bits are x3 and x5, respectively,
and g2 whose target and control bits are x1 and x2, re-
spectively, are non-overlapped, whereas g1 and g3 whose
target and control bits are x5 and x4, respectively, are
overlapped. This is because two lines between x3 and x5,
and between x1 and x2, are not overlapped, but two lines
between x3 and x5, and between x5 and x4, overlap each
other. If the two logical CNOT gates are non-overlapped,
the braiding operations for the two CNOT gates can be
performed in one logical time step in our model.
We can swap two CNOT gates, gi and gj , if C(gi) ̸=

T (gj) and T (gi) ̸= C(gj). We refer this as the swapping
rule in this abstract. For example, g4 and g5 in Fig. 1(a)
can be swapped. However, g1 and g3 in Fig. 1(a) cannot
be swapped because the control qubit of g1 and the target
qubit of g3 are the same qubit (i.e., x5).
To explain our method, we also need the following ter-

minology.

Definition 2 When gi and gj cannot be swapped by the
swapping rule, and there is gi before gj, We say gj de-
pends on gi.
For example, g3 depends on g1 in Fig. 1(a) because

C(g1) and T (g3) are the same. On the other hand, g2
does not depend on g1.
We explain our method to list up candidates of com-

putational steps checking the above two relations (i.e.,
overlapped and dependence) of gates.
First, we create a directed acyclic graph, GD, which

represents the dependence relation between any two
CNOT gates in a given circuit. A vertex in GD cor-
respond to a CNOT gate, and an edge between two ver-
tices represents the dependence relation between the cor-
responding two CNOT gates. CNOT gates to be selected
as a candidate computational step should be the source
vertices in GD.
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Next, we create the undirected graph, GS , from the
source vertices in GD. A vertex in GS represents to a
CNOT gate, and an edge between two vertices represents
the non-overlapped relation between the corresponding
two CNOT gates. It is obvious from our construction of
the graphs that two CNOT gates whose corresponding
vertices are adjacent to each other in GS can be done
at the same time. When we select some CNOT gates as
a candidate computational step, there should be edges
between any pair of all the vertices corresponding to the
CNOT gates to be selected. This means that the vertices
to be selected should compose a clique of GS . Accord-
ingly, we have to select a maximal clique in GS as a
candidate computational step in order to parallelize as
many CNOT gates as possible. In our experiment, we
utilized Bron-Kerbosch Algorithm [3] to list all maximal
cliques in GS . We consider the set of all these maximal
cliques as the candidate of the computational steps to be
parallelized.

2.2 Selecting computational steps

In the previous section, we described the method to list
candidates of the computational steps to be parallelized.
In this section, we explain how we can select one from
the candidates. We can find the optimal solution by ex-
haustive search, which is unrealistic from the viewpoint
of the computational complexity. Thus we propose three
heuristics to select a possibly good computational steps
from these candidates.
First, we describe a greedy method. The greedy

method selects the maximum clique of the listed cliques
in order to select the computational steps from the candi-
dates. In other words, this is the method that parallelizes
as many CNOT gates as possible from the beginning of
a circuit.
Next, we describe the method based on a cost function.

A cost function quantifies how a current situation is good
statically. For our purpose, the cost function corresponds
to weighting each of the listed cliques. Based on the cost
function, the method selects the clique with the maxi-
mum weight. The difficulty for this method is that we
still have not been able to find out a good cost function
for this purpose; we consider finding a good cost func-
tion would be very difficult problem. Therefore, in our
experiment we tried some cost functions and compared
those. The result showed that we were able to find out a
good solution when we considered the number of vertices
that depend on a clique as the cost function value for the
clique.
Finally, we describe the probabilistic method. As men-

tioned above, it is difficult to find out a good cost func-
tion. Therefore, we consider to use the method for se-
lecting the good solution probabilistically instead of se-
lecting based on pre-determined fixed cost function. For
this purpose, we can use Monte-Carlo tree search [1] as a
probabilistic method. Monte-Carlo tree search was pro-
posed in the field of computer Go, and has been used to
select the next move in any situation. In the research of
computer Go, it has been known to be difficult to evalu-
ate a situation by using a cost function similar to the case
of selecting cliques. Therefore, the following idea was
proposed; we play the game until the end by randomly
(playout) from each candidate move, and select the move
having the highest winning rate. However, we cannot
get a good solution by simply calculating winning rates.
Thus, we assign many playouts to promising moves, and
make the search tree grow by expanding moves when the
number of playouts exceeds a threshold. By this strategy,
it has been known that we are able to efficiently select

Table 1: Execution results
circuit greedy cost function probabilistic

bits/gates steps time steps time steps time
16/100 82 0.00 68 0.00 64 0.54
16/500 190 0.01 166 0.02 157 250
49/500 116 0.02 91 0.11 88 180
100/500 81 0.15 74 0.74 66 1500
100/1000 161 0.14 128 2.50 135 12000

good moves with high accuracy.
In the above Monte-Carlo tree search, the problem is

how to define a promising move. One solution is to de-
fine that the value called “UCB1” for a promising move
should be the maximum value. UCB1 is a value which is
used to solve Multi-armed bandit problem [1].
We can apply Monte-Carlo tree search to our prob-

lem of selecting cliques as follows: we consider a move
corresponds to selecting a clique, and a winning rate cor-
responds to the inverse number of the expected value of
the number of the total computational steps. The rea-
son why we consider an inverse number is that we want
to minimize the number of computational steps for the
problem of selecting cliques. Furthermore, we are able
to normalize the value to [0, 1] by inverting the number,
and thus it is convenient to calculate UCB1.

2.3 Preliminary Experimental Result

We implemented the above three methods, and tried to
minimize the computational steps of randomly selected
circuits. The comparison results are shown in Table 1.

3 Conclusion

In this abstract, we propose three methods to paral-
lelize a circuit for the reduction of computational steps
for topological quantum computation. Our method par-
allelizes a circuit by repeating two steps; (1) listing the
candidates of the computational steps, and (2) selecting
the good computational steps from the candidates. Our
method based on a cost function produces good results
generally in short execution time. On the other hand,
the probabilistic method needs more time but produces
better results than the method based on a cost function.
Thus there is a possibility that a better cost function ex-
its, which means our future work is to find such a cost
function. Also we would like to improve the execution
time of the probabilistic method.

ACKNOWLEDGMENT

This work was supported by JSPS KAKENHI Grant
Number 24106009 and 15H01677.

References

[1] Guillaume Chaslot. Monte-carlo tree search. Maas-
tricht: Universiteit Maastricht, 2010.

[2] Austin G Fowler, Ashley M Stephens, and Peter
Groszkowski. High-threshold universal quantum com-
putation on the surface code. Physical Review A,
Vol. 80, No. 5, p. 052312, 2009.

[3] HC Johnston. Cliques of a graph-variations on the
bron-kerbosch algorithm. International Journal of
Computer & Information Sciences, Vol. 5, No. 3, pp.
209–238, 1976.

[4] Shigeru Yamashita. An optimization problem for
topological quantum computation. In 2012 IEEE 21st
Asian Test Symposium, pp. 61–66. IEEE, 2012.

49
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Abstract. In this work we make a comparative study between coupled spin-1/2 systems and coupled
quantum oscillators when they constitute as the working media of quantum thermodynamic machines. For
this purpose, we consider anisotropic 1-D Heisenberg model of interaction between two spin-1/2 systems.
Analogous interaction in the case of two oscillators is realized by considering quadratic coupling between
positions and momenta of the two oscillators. Interestingly, we point out certain range of parameters for
which the efficiency of the coupled oscillators outperform the efficiency obtained from coupled spin systems.
With the same interaction, the coupled systems work as refrigerator for a different range of parameters
and the coefficient of performance of coupled spins outperform that of the coupled oscillators.

Keywords: Otto cycle, coupled spin-1/2 system, coupled oscillators

1 Introduction

Study of thermodynamics in quantum regime can re-
veal fundamental features. As for example, the statement
of the second law of thermodynamics in the presence of an
ancilla [1, 2] or, when the system has coherence [3, 4], has
been established in great details from where the classical
version of the second law emerges under appropriate lim-
its. Extension of thermodynamics to quantum regime can
be approached in different directions such as information-
theoretic point of view [5, 6, 7], resource-theoretic aspect
[8], work extraction from quantum systems [9, 10, 11],
etc. Different models of thermodynamic machines can
be considered as useful tools to study in such directions.
Such heat devices also help us to understand the behavior
of thermodynamic quantities such as work and efficiency
with non-classical feature such as entanglement, quan-
tum superposition, squeezing, etc.

2 Results

Coupled systems as quantum heat engines are stud-
ied widely in recent past [12, 13, 14, 15, 16, 17]. It
has been shown that appropriate coupling can increase
the efficiency of the system compared to the uncoupled
model [15]. The aim of the present work is to com-
pare the performances of different coupled quantum sys-
tems when used as the working medium of a thermody-
namic machines. For this purpose, we consider coupled
spin-1/2 system and coupled quantum oscillator as work-
ing medium of quantum Otto cycle where the coupling
in both the cases are taken to be of similar form (e.g.
Heisenberg XX or XY interaction). Our findings are
listed as follows: (i) we compare the efficiencies in the
realm of increasing dimension of the system, (ii) we show
that efficiency of a coupled system is bounded (both from
above and below) in terms of the efficiencies of its parts
(independent modes) when both the independent modes

∗georget@imsc.res.in
†manik11ju@gmail.com
‡sibasish@imsc.res.in

work in the engine mode, (iii) global efficiency decreases
when a part of the coupled system works as refrigerator,
(iv) for certain range of parameters the efficiency of the
coupled oscillators outperforms the efficiency obtained
from coupled spin systems, (v) with the same interac-
tion, system work as refrigerator for a different range of
parameters and the coefficient of performance of coupled
spins outperform that of the coupled oscillators.

2.1 Quantum Otto cycle

Quantum Otto cycles are analogous to the classical
Otto cycle, and the latter consists of two isochoric pro-

’ω

’ω

ω

ω

TT(3) (1)

(4)

(2)

c h

Figure 1: Pictorial representation of quantum Otto cycle.
The working medium of this cycle is a harmonic oscilla-
tor. Stage 1 and Stage 3 are thermalization processes, in
which the system exchanges heat with the bath. Stages 2
and 4 correspond to adiabatic processes where frequency
of the oscillator changes from ω to ω′ and back by doing
certain amount of work.
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cesses (work, W = 0) and two adiabatic processes (heat
Q = 0). The system exchanges heat with the bath during
the thermalization processes and the work is done when
the system undergoes adiabatic process. Work and heat
are calculated from the change in mean energies, where
mean energy of the system represented by the state ρ and
the Hamiltonian H is defined as Tr[ρH].

2.2 Coupled oscillator and spin-1/2 system

Coupled oscillator : Consider two oscillators (labeled
as 1 and 2) having same mass and frequency, and the
Hamiltonian is given by,

Hos =
p2

1

2m
+

p2
2

2m
+
mΩ2

2
x2

1 +
mΩ2

2
x2

2

+2

(
mΩ

2
λxx1x2 +

1

2mΩ
λpp1p2

)
, (1)

where λx and λp are the coupling strengths with same
units as that of Ω. Under suitable co-ordinate transfor-
mation the Hamiltonian reads as,

Hos =
p2
A

2MA
+
MAΩ2

A

2
x2
A +

p2
B

2MB
+
MBΩ2

B

2
x2
B (2)

=

(
c†AcA +

1

2

)
ΩA +

(
c†BcB +

1

2

)
ΩB , (3)

where c†k and ck, where k = A,B, are the creation and an-
nihilation operators for the independent oscillator modes
A and B. Here ΩA and ΩB are eigenmode frequencies
and MA and MB are the effective masses in the new
co-ordinate frame. The explicit expressions are given
as MA/B = mΩ

(Ω±λp) ,ΩA/B =
√

(Ω± λp)(Ω± λx). While

this coupled system is used as the working mideum of the
above said Otto cycle, the total amount of heat absorbed
by the system from hot reservoir is given by,

Q =
ωA
2

(
coth

[
βhωA

2

]
− coth

[
βcω

′
A

2

])
+

ωB
2

(
coth

[
βhωB

2

]
− coth

[
βcω

′
B

2

])
. (4)

The first (second) term QA (QB) denotes the heat ab-
sorbed by the system A (B). Similarly, the total work is
the sum of the work done by the independent systems,
W = WA +WB , which is given by,

W =
(ωA − ω′A)

2

(
coth

[
βhωA

2

]
− coth

[
βcω

′
A

2

])
+

(ωB − ω′B)

2

(
coth

[
βhωB

2

]
− coth

[
βcω

′
B

2

])
.(5)

The efficiency of the individual system is given as ηk =
1 − ω′k/ωk, where k = {A,B}. But the actual efficiency
of the coupled system is defined as the ratio of total work
over the total heat absorbed by the system. So we can
write

η =
WA +WB

QA +QB
=
ηAQA + ηBQB
QA +QB

. (6)
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Figure 2: The two dotted curves show the upper bound
(ηB) and lower bound (ηA) . The continuous curve repre-
sents the efficiency of the coupled oscillator. Efficiency of
the coupled spin system is denoted by the dashed curve.
Carnot value is represented by the horizontal line. When
the independent systems work in engine mode, the global
efficiency of the coupled system lies inside the bounds.
The plot also shows that the global efficiency of the cou-
pled oscillators is higher than that of the coupled spins
for small values of λJ . When the upper bound reaches
Carnot value, ηB = 1−Tc/Th for λJ = λc (represented by
vertical dashed-dotted line), then we get ηos = ηsp = ηA.
Here we take Th = 2, Tc = 1, ω = 4 and ω′ = 3.

When both the systems are working in engine mode (i.e.,
QA > 0 and QB > 0), we have,

min{ηA, ηB} ≤ η ≤ max{ηA, ηB}. (7)

Coupled spin-1/2 system: Consider two spin-1/2 sys-
tems coupled via Heisenberg exchange interaction, i.e.,

Hsp = Bz(S
z
1 ⊗ I + I ⊗Sz2 ) + 2(JxS

x
1S

x
2 + JyS

y
1S

y
2 ), (8)

where Jx and Jy are the interaction constants along x and
y directions. Likewise oscillator case, here also the Hamil-
tonian can be expessed as raising and lowering operators
and under suitable coordinate transformations it can be
expressed as in terms of two uncoupled spin modes. In
the particular case λx = Jx = λp = Jy = λJ(say) (in spin
case, the model is known as Heisenberg XX model), the
efficiencys of the coupled systems have been compared in
Fig.2

3 Discussion

The coupled spins and coupled oscillators can also work
as refrigerators. The refrigeration cycle is same as the
cycle described for engine above provided refrigerators
absorb heat from cold bath (Qc > 0) and transfer it into
hot bath (Qh < 0). To transfer heat from the cold bath
to the hot bath, work has to be done on the system and
hence, we have W = Qh + Qc < 0. The coefficient of
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performance (COP) is defined as ζ = Qc/|W |. Likewise
efficiency, the global COP is bounded by COPs of the
subsystems when both the the subsystems work as re-
frigerators. Interestingly we find that the global COP
of the coupled spins is higher than that of the coupled
oscillators for small values of λJ .

To conclude, we compared the performance of coupled
oscillators and coupled spins when they work as a heat
engine. We choose suitable co-ordinate transformation
to get two independent systems. The global efficiency is
bounded by the efficiencies of the independent systems.
We have also shown that such bounds exist when the sys-
tem work as refrigerator. We also point out the range of
parameters and form of interaction where the efficiency
of the coupled oscillators is higher than that of the cou-
pled spins. For two particular types of interactions, we
show that the global COP is higher for coupled spins
compared to coupled oscillators, whereas, with the same
interaction, coupled oscillators found to be more efficient,
when the system work as heat engine. Therefore coupling
causes opposite effects in the figure of merits of heat en-
gine and refrigerator.
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Abstract. Harrow, Hassidim, and Lloyd proposed the efficient quantum algorithm (HHL algorithm) for
linear equations when the coefficient matrix is sparse and well-conditioned. The HHL algorithm can obtain
a quantum state corresponding to the solution of the linear equations. Here we consider linear systems with
circulant coefficient matrices and propose a quantum algorithm to obtain a quantum state of the solution.
The proposed algorithm does not require Hamiltonian simulation, which is used in the HHL algorithm,
because eigenvalues of circulant matrix can be obtained using quantum Fourier transform. The proposed
quantum algorithm is roughly quadratically faster than the classical algorithm.

Keywords: Quantum algorithm, Linear equations, Circulant matrix

1 Introduction

Linear equations occur in science and engineering com-
putation applications. There are many algorithms to
solve linear equations, e.g., LU factorization and the con-
jugate gradient method. Harrow, Hassidim and Lloyd
proposed a quantum algorithm (HHL algorithm) for lin-
ear equations [1]. The HHL algorithm outputs a quantum
state |x⟩ = A−1|b⟩ with O(log(N)) runtime and is expo-
nentially faster than any classical algorithm, where A is
a well-conditioned and sparse N ×N matrix. Moreover,
the HHL algorithm has some applications [2, 3, 4].
We wish to obtain a quantum state |x⟩ for other ma-

trix. We focus on the circulant matrix C, which appears
in difference solutions of partial differential equations be-
cause the eigenvalues of C can be calculated using dis-
crete Fourier transform.
Here, we propose a quantum algorithm to obtain

|x⟩= C−1|b⟩ for a specific case of the circulant matrix.
The HHL algorithm obtains the quantum state |x⟩ using
Hamiltonian simulation [5]. In contrast, the proposed
algorithm uses Amplitude Estimation (AE) [6] to ob-
tain the quantum state |x⟩. The proposed algorithm is
roughly quadratically faster than the classical algorithm
[7].

2 Known quantum algorithms

2.1 HHL algorithm

For a well-conditioned and sparse N×N matrix A, the
HHL algorithm generates quantum state |x⟩ that corre-

sponds to the solution of the linear equations Ax⃗ = b⃗.
The HHL algorithm assumes that we can efficiently pre-
pare a quantum state |b⟩ =

∑N−1
j=0 bj |j⟩. The HHL
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algorithm first estimates the eigenvalues λj of A us-
ing phase estimation with Hamiltonian simulation eiAt,
which can be implemented in O(log(N)) runtime [5].
Next, the algorithm performs controlled rotation and
inverse phase estimation. We obtain a quantum state∑N−1
j=0 βj |uj⟩

(√
1− Γ2

λ2
j
|0⟩a + Γ

λj
|1⟩a

)
, where |uj⟩ is the

eigenvector of A, βj = ⟨uj |b⟩, Γ = O(1/κ), and κ is
the condition number of A. Finally, we measure the an-
cilla qubit. If we obtain 1, the quantum state becomes

1√∑N−1
k=0 |βk/λk|2

∑N−1
j=0

βj

λj
|uj⟩ = |x⟩. If we obtain 0, the

algorithm fails. Therefore, we use the Amplitude Am-
plification (AA) to obtain 1. Here, the total runtime is
O(log(N)s2κ2/ϵ), where s is the number of nonzero ele-
ments per row and ϵ is the allowable error.

2.2 Amplitude estimation

Let A be an unitary operator used to obtain quan-
tum state |µ⟩ =

∑N−1
k=0 µk|k⟩ for initial zero state |0⟩,

i.e., A|0⟩ = |µ⟩. We can estimate |µj | by estimating
the phase of the eigenvalues of Qj = −AS0A−1Sj using
a technique that is similar to phase estimation, where
Sj = (IN −2 |j⟩⟨j|) and IN is the N ×N identity matrix.
The eigenvalues of Qj are given by e±i2θj , where θj is a
real number such that sin(θj) = |µj |.
We prepare |µ⟩|0⟩m (m is the number of qubit and

is relative to the estimation error) as the input state.
If θj can be represented as θj = π z

M for any positive
integer z, the AE can output the state |µj , g(θj)⟩ =
−i√
2
(eiθj |µ(j)

+ ⟩|M θj
π ⟩−e−iθj |µ(j)

− ⟩|M(1− θj
π )⟩), where |µ

(j)
± ⟩

is the eigenvector of Qj and M = 2m.

2.3 Parallel amplitude estimation

Let Q be an unitary operator Q = −(IN ⊗AS0A−1)S,
where S is an unitary operator that changes the sign
of the amplitude if and only if the first qubits equal
the second qubits (i.e., S|j⟩|j⟩ = −|j⟩|j⟩ and S|j⟩|i⟩ =
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|j⟩|i⟩ for j ̸= i). The eigenvalues and the correspond-

ing eigenvectors are given by |j⟩|µ(j)
± ⟩ and e±i2θj for

j = 0, 1, . . . , N − 1, respectively. For all j and any posi-
tive integer z, if the input state is

∑N−1
j=0 |j⟩|µ⟩|0⟩m and

θj can be represented as θj = π z
M , the parallel AE can

output the state
∑N−1
j=0 |j⟩|µj , g(θj)⟩.

3 Circulant matrix

The circulant matrix C has the form:

C =


c0 c1 c2 · · · cN−1

cN−1 c0 c1 · · · cN−2

cN−2 cN−1 c0 · · · cN−3

...
...

...
. . .

...
c1 c2 c3 · · · c0

 . (1)

The eigenvalues λj of C are given by λj =
∑N−1
k=0 cke

i 2πjk
N .

We can obtain λj by applying quantum Fourier trans-

form FN to quantum state |c⟩ =
∑N−1
k=0 ck|k⟩. Specifi-

cally, FN |c⟩ =
∑N−1
k=0 (λk/

√
N)|k⟩ =

∑N−1
k=0 µk|k⟩ =: |µ⟩,

where µk = λk/
√
N .

The eigenvectors |uj⟩ corresponding to the eigenvalues
λj are given by applying FN to computational basis |j⟩,
i.e., |uj⟩ = FN |j⟩ = 1√

N

∑N−1
k=0 ei

2πjk
N |k⟩.

4 Main Algorithm

4.1 Outline

STEP 1 (state preparation):
We assume that |b⟩ and |c⟩ can be prepared effi-

ciently. We prepare the quantum state |b⟩|c⟩|0⟩m|0⟩a =∑N−1
j=0 βj |uj⟩|c⟩|0⟩m|0⟩a, where |uj⟩ is the eigenvector of

the circulant matrix C and βj = ⟨uj |b⟩.
STEP 2 (parallel amplitude estimation):

We apply F†
N to the first quantum state and FN to the

second quantum state. Since F†
N |uj⟩ = |j⟩ and FN |c⟩ =

|µ⟩, we obtain
∑N−1
j=0 βj |j⟩|µ⟩|0⟩m|0⟩a. Next, we estimate

|µj | for each j using parallel AE. Thus, we obtain

N−1∑
j=0

βj |j⟩|µj , g(θj)⟩|0⟩a. (2)

STEP 3 (controlled rotation):

We perform a controlled rotation on the ancilla qubit
with the third qubits as a control to obtain the following

N−1∑
j=0

βj |j⟩|µj , g(θj)⟩

(√
1− Γ2

|µj |2
|0⟩a +

Γ

|µj |
|1⟩a

)
, (3)

where constant Γ is chosen to satisfy |Γ/ sin(πz/M)| < 1.

STEP 4 (inverse parallel amplitude estimation):

We undo the quantum states other than the ancilla
qubit, i.e., we perform the inverse of STEP 2 to obtain
the following

N−1∑
j=0

βj |uj⟩|c⟩|0⟩m
(√

1− Γ2

|µj |2
|0⟩a +

Γ

|µj |
|1⟩a

)
. (4)

STEP 5 (measurement of the ancilla qubit):
We measure the ancilla qubit. If we obtain 1, then we

have 1√∑N−1
k=0 |βjΓ/µj |2

∑N−1
j=0

βjΓ
|µj | |uj⟩ which equals to

1√∑N−1
k=0 |βj/λj |2

N−1∑
j=0

βj
|λj |

|uj⟩. (5)

If we obtain 0, then the proposed algorithm fails. Thus,
we use AA to obtain 1. If |λj | = λj for all j, then ob-
tained state (5) becomes |x⟩ = C−1|b⟩ corresponding to
the solution.

4.2 Runtime

In parallel AE, the unitary operator Q that runs in
O(log2(N)) is appliedM times. The parallel AE requires
M = O(

√
N/ε) to estimate λj within error ε due to

estimate |µj | = |λj | /
√
N . Thus, parallel AE requires

O(
√
N log2(N)/ε) steps. The probability that we obtain

1 in STEP 5 is Ω(1/κ2), where κ is the condition number
of C. Therefore, we requireO(κ) repetitions in AA. Thus,
the total runtime of the proposed algorithm is as follows:

O(κ
√
N log2(N)/ε). (6)

There is classical algorithm by using fast Fourier trans-
form, which is O(N log(N)) when used to solve linear

equations Cx⃗ = b⃗. Therefore, the proposed algorithm is
roughly quadratically faster than the classical algorithm
in terms of N (i.e., the matrix size).

5 Conclusion

We have proposed a quantum algorithm to obtain
quantum state |x⟩ = C−1|b⟩ for the circulant matrix
C with which we can efficiently obtain eigenvalues us-
ing quantum Fourier transform. The proposed algorithm
uses AE rather than Hamiltonian simulation to estimate
eigenvalues. However, there are many constraints on the
circulant matrix. Thus, in future, we plan to improve the
proposed algorithm to remove such circulant matrix con-
straints. In addition, we plan to perform error analysis
of the obtained quantum state.
Acknowledgment: This work has been supported in
part by KAKENHI (Grant Nos. 24360151, 16H04367).
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Abstract. We outline methodology for a universal set of quantum gates for surface acoustic wave (SAW)
quantum computations. We use analytical methods to postulate a Hamiltonian which would implement
the gates. Numerical parameter sweeps of the time-dependent Schrödinger equation finds the optimal
parameters of the Hamiltonian. The two-qubit gates that we find are sqrt(SWAP) gates, either of the form
of inter-channel operations or intra-channel operations. The inter-channel operations are needed for the
circuit quantum computer models developed in prior SAW works. The intra-channel operations can be
used for a novel type of SAW cluster state quantum computations.

1 Extended Abstract

Since the initial breakthroughs and the discovery of
the potential power of a quantum computer, almost three
decades have been allocated towards exploring problems
that might be more efficiently solved on such a machine.
[1, 2, 5, 4, 15] Whilst numerous mathematical applica-
tions have been found for quantum computers, the exper-
imental successes in carrying out quantum computations
have been limited. The difficulty in acquiring long deco-
herence times, short operational times, fast optimal read-
out and scalability has driven the field of experimental
quantum computation around the entire spectrum of the
subject of physics. [6, 7, 1, 8, 2, 9] In terms of quantum
hardware, the quantum computation has to be tailored
to the specific qubit used in the manipulations. For ex-
ample, whilst the spatial quantum evolution of massless
particles is essentially non-dispersive, but interactions be-
tween particles are weak; the spatial evolution of massive
particles is dispersive, but interactions can be strong.

In this work we develop and investigate one of the sug-
gested experimental protocols for realising quantum com-
putations: quantum computations with surface acous-
tic wave (SAW) qubits. The ideas of a SAW quantum
computational protocol is based on electron spin qubits
that are carried forward by a surface acoustic wave on
the surface of a semiconductor heterojunction. [7, 10]
The acoustic wave begins on a 2D electron gas that
is incident on 1D quantum wires. In these quantum
wires the surface acoustic wave captures and carries sin-
gle electrons, which become confined to the minima of
the SAW. By placing a number of 1D wires parallel on
the 2D surface and capturing one electron spin qubit in
each wire, it is possible to realise quantum computations.
We suggest magnetic gating for the implementation of
single qubit rotations and non-magnetic screening gates
for inter-channel sqrt(SWAP) two-qubit operations. The
SAW based quantum computation model gains signifi-
cant benefits over other massive qubit models in that

∗drma2@cam.ac.uk

it straightforwardly obtains the transport of the qubits,
which in other technologies can be problematic. Further-
more, the SAW based systems allow the magnetic and
electric gates to be stationary and static on the surface
of the heterostructure device.

Presently, neither experimental data nor numerical
simulations have been published for the operations
needed in electron spin SAW quantum computing. Mo-
tivated by the prospect of experimentally implementing
these flying qubit quantum computations, we have car-
ried out a thorough numerical investigation of SAW fly-
ing electron spin qubit quantum gates. These simulations
have allowed us to specify the physical parameters needed
in order to implement the suggested two-qubit gates in
real physical systems.

Before we present our findings when it comes to the
implementation of the SAW two-qubit gates, we spend
a few lines on describing the numerical methods used in
this protocol.

In order to obtain the results of this paper, the
time-dependent Schrödinger equation (TDSE) was solved
based on the methods of [12]. We extended the original
Staggered Leapfrog method presented in [13] to also in-
clude the spin component of the potential of the Hamilto-
nian and incorporate the spin-dependence in the poten-
tial. In terms of the quantum evolution in 1D quantum
wires, we effectively remove two dimensions by integrat-
ing over them such that the problem reduces to a sim-
ulation of one dimension per particle but with altered
Hamiltonian parameters. A more detailed overview of
the numerical methods for a single particle simulation
can be found in our previous work in Ref. [14].

Whilst the matrix algebra of the quantum evolution
— in principle — is straightforward, the dimensional-
ity of a two particle quantum system and the need of a
large number of lattice points for a realistic simulation,
leads to enormous constraints on the speed of the sim-
ulation. However, we have found that owing to the ro-
tational nature of spin qubit quantum evolution, the use
of GPU cards can significantly increase the speed of such
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computations. By parallelising the Staggered Leapfrog
method on GPUs using OpenCL, it has been possible
to reduce the computational time by two orders of mag-
nitude, which is crucial for realising parameter scans in
realistic computational times. We also deem the numeri-
cal GPU adapted methods of this work to be highly valu-
able for simulations of any similar system and we strongly
advocate the use of GPU boosted code in tailoring few-
particle quantum Hamiltonians on classical computers.
Inter-Channel Gates: The simulations of the proposed

inter-channel sqrt(SWAP) operations were successfully
implemented. We simulated Hamiltonians created by
carefully tuned screening gates on the top of the het-
erostructure. The electric gates are such that they can
bring two separated harmonic potential minima to a mu-
tual minimum and then separate them again. Crucially,
the massive wavepacket dispersion is eliminated due to
the Gaussian wavepacket nature of the qubits in these
potentials. These simulations are crucial in order to get
a hint of what the real experimental parameters will have
to be.

One way of realising quantum computations in these
systems is by allowing a circuit model to be implemented
on the set of input qubits that are initialised in the ar-
ray of 1D quantum wires of the system. However, owing
to the 2D nature of the device structure qubits can only
directly interact with qubits in neighbouring wires. The
limit of the two-qubit interactions to nearest neighbour
inter-channel gates significantly limits the speed of the
quantum computation. Hence, we suggest the alternative
implementation of SAW quantum computing; namely fly-
ing qubit cluster state one-way quantum computing. In
order to efficiently create cluster states for fault toler-
ant quantum computing, the SAW system will have to
include multiple qubits travelling on successive minima
of the SAW in the same wire. This creates a 2D array
of qubits. Crucially, the system then requires means of
intra-channel two-qubit gates.
Intra-Channel Gates: These gates are implemented on

two-qubits trapped in successive minima travelling down
the same 1D quantum wire. We find that by implement-
ing a stripe Schottky gate, perpendicular to the direc-
tion of travel of the qubits, one can alter the Hamil-
tonian, such that the ground state is perturbed for a
short period of time, allowing some tunnelling between
the two quantum dot minima that contain the qubits.
By carefully tuning the parameters of the confining po-
tential and the stripe gate, it is possible to utilise the
spin-dependent difference in the interaction potential of
the electron qubits in order to implement a sqrt(SWAP)
operation. We calculate the time-dependent Hamiltonian
analytically based on a semi-classical model and numer-
ically obtain its form by using density functional theory
to self-consistently solve the Poisson equation. In terms
of realising the intra-channel sqrt(SWAP) operation, the
two potentials are equivalent.

The intra-channel and inter-channel two-qubit gates
can then be used to create a cluster state of the M − 1
first channels in the semiconductor heterostructure junc-

tion. The Mth channel is used as the input channel.
This channel would remain latent during the first half
of the SAW computation (the half during which the clus-
ter state is created) but become live and manipulated
in the second half (the half during which the one-way
computation takes place).

Experimentally attainable SAWs have typical speeds
of around 3000 ms−1 and coherence times of about 100
ns. Hence, with gate sizes of about a micron, several
hundreds of qubit operations can be carried out within
the lifetime of the qubits.

Conclusively, this work presents a toolkit for the im-
plementation of SAW quantum computing with flying
electron spin qubits. We show how two types of two-
qubit gates can be implemented. The realisations of
these gates are simulated by solving the time-evolution of
the Schrödinger equation for a Hamiltonian with credible
stripe Schottky gate and screening gate potentials found
either analytically or by density functional theory. We
also suggest how the combination of these two particle
gates together with single particle gates can be used in
order to realise one-way cluster state computations using
the SAW systems.
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Abstract. We present two algorithms that apply an arbitrary quantum operation on a qubit, which may
be continuously evolving according to its own Hamiltonian. The qubit couples to a quantum computer
through a fixed interaction Hamiltonian, which can only be switched on and off. The algorithms achieve
an input and output operation, i.e., transfer of the qubit state between the qubit and quantum computer.
All the steps of the algorithms are described by a closed formula of the input parameters of the algorithm
and the interacting unitary between the qubit and quantum computer.
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1 Introduction

Quantum algorithms assume that quantum systems
can be controlled, or more precisely, that the necessary
operations can be applied on the systems at will, but
such high controllability is scarce in actual quantum sys-
tems. In contrast, a quantum computer is a quantum sys-
tem, on which arbitrary quantum operations are possible.
One of the main goals of quantum control theory [1–4] is
to identify the means to increase the controllability of a
quantum system by coupling it to a quantum computer.
Typically, the poorly controllable systems are assumed
to evolve continuously according to its self-Hamiltonian.
Occasionally referred to as local control [5–12], certain

parts of a physical system are assumed to be highly con-
trollable or the system can be coupled with a quantum
computer. Protocols such as [10–12] show that we can
transfer the state of the physical system to the quantum
computer (output) and return it to the physical systems
(input), in principle by local control. Thus, physical sys-
tems become fully controllable by this input-output ap-
proach because of high controllability of quantum com-
puters. The advantage of this approach is independence
on the desired operation to be implemented on the phys-
ical system. Hence, once we find methods to realize the
input-output operations under limited controllability, we
can perform any quantum operations for the physical sys-
tem.
In this paper, we study means to control a physical

system by the input-output approach, for a system cou-
pled with a part of a quantum computer by a single fixed
interaction Hamiltonian, for which we can arrange the
duration of the coupling. It is generally difficult to con-
struct exact input-output operations on our restrictions
as pointed out in [10,11]. Thus, we will present two algo-
rithms for a given coupling which implement approximate
input-output operations. The first algorithm is similar to
a procedure introduced by [10, 11] and requires a larger
quantum memory for the quantum computer to perform
approximate input-output operations with higher accu-
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racy. The second algorithm requires only a fixed amount
of quantum memory with respect to the required accu-
racy. Finally, we will evaluate the upper bound of the ac-
curacy of the implemented operations of our algorithms
in the diamond norm.

2 Setting

We consider a qubit S, which evolves according to a
fixed time-independent self-Hamiltonian HS . We assume
that the quantum computer in contrast to S is able to
perform arbitrary quantum operations (CPTP maps and
quantum instruments).
We model the coupling between S and the quantum

computer by two subsystems, a register system R and
an interface system I of the quantum computer. R is
the main processing part of the quantum computer con-
sisting of N qubits. The interface system I is one qubit
system, which directly couples to S by a single fixed in-
teraction Hamiltonian Hint. We assume that we are only
allowed to choose between on and off of Hint, and that
I behaves as a part of the quantum computer, i.e., any
unitary operations can be performed on IR when Hint is
off. The set of unitary operators LUNHS ,Hint

describes all
the possible operations on the total system.

3 Algorithms

Our two algorithms implement an approximate output
operation T out

M (ξ), which satisfies for any state |ψS⟩S =
aS |0⟩S + bS |1⟩S on S

T out
M (ξ) |ψS⟩S |0⟩I |0⟩

⊗M
R

= |0⟩S ⊗
(
aS |0⟩I + bS

√
1− ξ2 |1⟩I

)
⊗ |0⟩⊗MR

+ bSξ |1⟩S |gout⟩ (1)

with a certain fixed basis on SIR, |gout⟩ is a state on
IR, and M is the number of qubits on R. We see that
T out
M (0) is the exact output operation when the initial

state of IR is |0⟩I |0⟩
⊗M
R . Our algorithms consist of the

unitary operator Uint on SI which is generated by Hint

and HS such as Uint := e−iHonτ for some fixed duration
time τ , where we defined Hon := HS ⊗ IS +Hint. Then,
the algorithms have the following properties:
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• Algorithm 1 [10, 11]: Alg. 1 requires sufficiently
large N -qubit register system for the approximate
output operation, i.e., ξ of Eq. (1) is exponentially
close to zero with N .

• Algorithm 2: Alg. 2 requires only one qubit register
system for the approximate output operation. The
quantum circuit representation of Alg. 2 is in Fig. 1.

S
I
R

Uint Uint

W (2)
1

Uint

W (3)
1

Uint

W (k)
1

Figure 1: A quantum circuit representation of the Alg. 2.

The first three steps are the same as Alg. 1. Then W
(k)
1

and Uint are iterated, where W
(k)
1 (k = 1, 2, . . . ) are uni-

tary operators on IR and depend on Uint. Thus, the total
operations are in LUNHS ,Hint

. By Alg. 2, ξ of Eq. (1) is
exponentially close to zero with increasing the number of

iterations of W
(k)
1 and Uint.

By performing the inverse of our algorithms (T out
M (ξ))†

for U†
int instead of Uint, we can construct the approximate

input operation in LUNHS ,Hint
. (One can check that when

the initial state of S is |0⟩S , (T out
M (0))† is the exact input

operation by applying (T out
M (ξ))† on Eq. (1).) Therefore,

we obtain the concrete procedures of the realizations of
approximate input-output operations in LUNHS ,Hint

.
Note that our algorithms do not succeed for all Uint,

and we obtain the set of unitary operators on SI which
make the algorithms work. We will refer these unitary
operators as exploitable unitary operators.

4 Accuracy of control by approximate
input-output operations

We divide operations on the total system SIR into
three steps. First, we implement the output operation
T out
M (ξout) to transfer the state on S to I. At the second

step, we perform a desired operation on I, say M, which
is always possible by definition. Finally, we perform the
input operation T in

M (ξin) := (T out
M (ξin))

† to transfer back

the state in I to S. We define map Φξout,ξinM formed by
the above procedure, then we show the following lemma
to compare with M. The diamond norm is denoted by
∥ • ∥⋄.

Lemma 1 For any CPTP map M on S, and 0 ≤
ξout, ξin ≤ 1, ∥Φξout,ξin

M − M∥⋄ ≤ 2
√
1− Ξ2 if Ξ ≥ 0,

otherwise if Ξ < 0, then ∥Φξout,ξinM − M∥⋄ ≤ 2, where

Ξ := −1 +
√
1− ξ2out +

√
1− ξ2in − ξoutξin.

The lemma shows that when ξout, ξin are close to 0,
Ξ2 ≈ 1− (ξout + ξin)

2, hence ∥Φξout,ξinM −M∥⋄ ≤ 2(ξout +
ξin) ≈ 0.　Therefore, Lem. 1 implies that T out

M (ξout) and
T in
M (ξin) behave as input and output operations, respec-

tively, even when ξin, ξout are not strictly 0.

5 Conclusion

We have considered controlling a physical system by
coupling to a quantum computer, and the coupling is de-
scribed by time-independent Hamiltonian Hint. In these
situations, we presented two algorithms for approximate
input-output operations under given unitary operator
Uint on SI, where Uint needs to be an exploitable uni-
tary. Although we have assumed that Uint is generated
by time-evolution, we can prepare a unitary operator on

SI such as U
(n)
eff = e−iHontn(

∏n−1
j=1 (IS ⊗ u

(j)
I )e−iHontj )

for any positive integer n, unitary operators u
(j)
I on

I, positive real numbers tj . Then our algorithms ap-

ply with U
(n)
eff ∈ LUNHS ,Hint

instead of Uint. In fact,
this technique is sometimes useful to construct an ex-
ploitable unitary operator. For example, we suppose that
Hint := αXS ⊗XI and HS := gZS , where X,Z are Pauli
X and Z operators, respectively, and α, g ∈ R, then we
can show that e−iHonτ is not exploitable unitary for any

τ , but becomes U
(2)
eff by the technique.
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Electron-Spin Qubits and Flying Photon-Polarization

Qubits.
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Abstract. Different physical implementations of qubits offer advantages in different
tasks required by a quantum computer. In hybrid quantum systems, the need arises for
an interface between different types of qubtis. This research investigates quantum media
conversion between electron-spin qubits and photon-polarization qubits through accurate
GPU accelerated simulations.
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1 Introduction

Quantum computing and quantum cryptog-
raphy are the two main areas of interest for
the applications of quantum information sys-
tems. Currently, there exist no perfect physical
qubit implementation which could be used effi-
ciently for all operations involved in quantum-
information technologies.[1] Different types of
qubits can be used at each step of the quantum
computation or quantum communication to op-
timise the success of each task. For example,
electron-spin qubits in a semiconductor mate-
rial offer straightforward initialization and ma-
nipulation of the qubit state since the interac-
tions between particles and an external magnetic
field are strong. Strong particle-particle inter-
actions also favour stable and scalable compu-
tation as they allow straightforward implemen-
tation of two qubit logic gates.[2] Conversely,
photon-polarization qubits are advantageous for
readout operations and for fast long-distance
communication.[3, 4] Qubit coherence over long
distances makes photons absolutely necessary for
quantum key distribution schemes.

2 Quantum Media Conversion

Due to the hybrid nature of these quan-
tum systems, we investigated methods for in-

∗hl407@cam.ac.uk

terfacing different qubit types and an effi-
cient implementation of quantum media conver-
sion (QMC) between electron-spin qubits and
photon-polarization qubits. Certain protocols
only require QMC between definite states – map-
ping a spin-1⁄2 system onto a circular polariza-
tion state. In this case, the Hilbert space for
each qubit has dimension 2 and the mapping of
states can be expressed in terms of spin selec-
tion rules.[5] This has been the main focus of
our research. For truly generalizable QMC hard-
ware, the entire Bloch Sphere must be mapped
onto the Poincare Sphere. For the transmission
of quantum states over arbitrary distances, sev-
eral interfaces could be laid out in series leading
to a set of quantum repeaters.
A promising approach to the problem of single

electron transport are travelling surface acous-
tic waves (SAWs). In piezoelectric materials
such as gallium arsenide, an oscillating stress
and strain wave is accompanied by an electric
potential modulation of similar waveform. Care-
fully tuned travelling SAWs can be used to carry
single electrons acting as qubits across a GaAs
device.[6, 7]
In this research, a model is built in which an

electron is taken from a 2D electron gas and car-
ried by a SAW along a 1D channel, where its
spin is initialized by an external magnetic field.
It is then carried across a lateral p-n junction
and is ultimately introduced to a 2D hole gas
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where it recombines with a hole and produces a
single photon. By engineering the band struc-
ture in the region of recombination to lift any
degeneracies in the valence band, the hole gas
becomes populated with |mJ | = 3

2
holes only.

Spin selection rules then dictate the photon cir-
cular polarization state from the electron spin
state and provide insight on the relationship be-
tween the electron spin state and the angle at
which the photon was emitted.

3 GPU Accelerated Simulations

We model SAW-driven electron transport
across our device by solving the time depen-
dent Schrodinger Equation whilst the effective
potential of the n-p junction itself it obtained
via the density functional theory (DFT) mod-
elling method. The quest for meaningful and
stable resutls leads to a very large number of
operations to be carried out by a computer. A
two dimensional simulation with Nx by Ny lat-
tice points will require a vector of size (NxNy),
which then scales exponentially with the number
of particles simulated.
For simple operations, when each calculation

is independent of others, such calculations can
be performed in parallel. Modern CPU archi-
tectures make use of parallel computing where
multi-threaded processors can perform 4 to 32
tasks simultaneaously. However, graphics pro-
cessing units (GPUs) have been optimised to op-
erate at a very high level of parallelism. As of
when this paper is being written, modern GPUs
contain several thousands of processor cores and
can operate on the order of ten billion floating-
point operations per second (10 GFLOP/s). We
found GPU accelerated computation to be espe-
cially useful when simulating electron transport
in a 2D or 3D heterostructure.

4 Conclusions

SAW-driven single electron transport is simu-
lated by solving the time dependent Schrodinger
Equation. Band structure engineering and ap-
propriate selection rules dictate how quantum in-
formation is converted from electron-spin qubits
to photon-polarization qubits. Accurate simu-
lations are obtained using fast algorithms and

GPU acceleration.
For more information, please refer to

http://www.sp.phy.cam.ac.uk/research/

surface-acoustic-waves-saws
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Abstract. In this paper, it has been shown that multiclass support vector machine for big data classi-
fication can be implemented in logarithm time complexity on a quantum computer. Quantum version of
one-against-all approach has been developed to address the quantum SVM multiclass problem statement.
With quantum one-against-all approach, there will be k quantum binary support vector machine (SVM)
classifiers. The strategy involves training a single quantum binary classifier per class, with the samples of
that class as positive samples and all other samples as negatives. Once all the k quantum binary classifiers
get trained, all quantum classifiers are applied to an unseen quantum query state to predict the class for
which the corresponding classifier reports the highest confidence score. The quantum multiclass SVM with
proposed approach exhibits an exponential speed up over its classical counterpart.

Keywords: Quantum Algorithm, Multiclass Classification, SVM

1 Introduction

Support vector machine (SVM) is a very popular bi-
nary classifier, however,in recent years the need for mul-
ticlass support vector machine has been growing with
increase in big data applications. Multiclass SVM classi-
fies vectors into multiple sets with the help of trained
oracles[1]. Many approaches have been proposed for
constructing multiclass support vector machine with the
help of binary SVM and one of the most popular one
is one-against-all[2]. Recently,Rebentrost,Mohseni and
Lloyd[3],proposed an elegant quantum version of binary
support vector machine for big data which works in log-
arithm time for both training and classification stages,
so it has an exponential time complexity improvement
overits classical counter part.However, the algorithm in
[3] does not support multiclass classification. In our pro-
posed work, we have investigated and developed the mul-
ticlass quantum SVM algorithmfor big data with one-
against-all approach. For the purpose we adopted the
technique mentioned in [3] to construct the binary quan-
tum SVM as a base and then lead our investigation for
multiclass quantum SVM. We have used quantum ver-
sion of one-against-all approach. The run time complex-
ity of our proposed multiclass quantum SVM with quan-
tum one-against-all approach has been analyzed. It was
found that the algorithm works exponentially faster than
the classical version.

2 Multiclass quantum SVM Classifica-
tion for big data with Quantum One-
Against-All Approach

With quantum one-against-all approach, there is one
quantum binary support vector machine for each class
to separate members of that class from rest of the class

∗aritkumar.official@gmail.com
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‡vasile.palade@coventry.ac.uk

members, this results inkquantum binary classifiers. At
first, we have formulated k quantum binary least square
SVM classifiers.Then we apply all the quantum binary
classifiers to an unseen quantum query state to predict
the class for which the corresponding classifier reports
the highest confidence score.The mentioned quantum ver-
sion of one-against-all approach uses Grover’s search al-
gorithm [4]and finds the highest confidence score with
quadratic speed up O(

√
k) in comparison to the classical

version of one-against-all approach, which is O (k). The
total runtime of the proposed quantum multiclass SVM
has been analyzed as

O(k(logMN)) +O(
√
k) (1)

where M is the training vectors associated with k quan-
tum binary classifiers and N is the dimension of feature
space.

While estimating the total run time of the algorithm,
the following error analysis has been carried out. We
begin the analysis for single classifier, later we scale to
k classifiers. The kernel matrix preparation causes O
(log M N) costs. The number of time steps in phase
estimation T requires O(t20ε

−1).
Where (t20) is the total evolution time which is de-

termining the phase estimation error and ε is the
maximally error. Combining, we get the run time
O(t20ε

−1O(logMN)). Lets define a constant εKr such
that εKr ≤ |λl| ≤ 1, also lets define an effective condi-
tion number κeff = ε−1

Kr. Where λl are eigen values and
κeff is used to employ the filtering procedure in phase
estimation, referring [5]. By considering the error anal-
ysis, and iterating the algorithm for O(κeff ) times for
achieving a constant success probability of the post se-
lection step, the total run time is O(κ3eff ε

−3(logMN))

including the error factor of O(κ3eff ε
−3). Which can be

scaled as O (log M N). Nowtherefore, for k classifiers with
quantum one-against-all approach it will be considered
O(k(logMN)) +O(

√
k).
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3 Conclusion

It has been shown that the multiclass support vec-
tor machine can be quantum mechanically implemented
in logarithm time complexity as compared to the clas-
sical counterpart multiclass support vector machine for
big data classification, which runs in polynomial time
complexity, thus resulting in an exponential speed up.
We have analyzed and addressed the quantum multi-
class SVM problem with quantum mechanically imple-
mented one-against-all approach, which shows quadratic
speed gain as compared to the classical one-against-all
approach. In quantum one-against-all approach, we first
construct k quantum binary classifiers. Then we con-
struct a quantum query state, which is to be classified.
Next, is to classify the quantum query state with all the k
quantum binary classifiers. The class, for which the cor-
responding quantum binary classifier’s probability con-
fidence score is highest, will be considered as predicted
class.
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1 Introduction

The TQC (Topological Quantum Computing) model
has been receiving a lot of attention because it has proven
to be one of the most promising fault-tolerant quantum
computation models. In the TQC model, we arrange
qubits in a two-dimensional space, and we encode logical
qubits by using a surface code for error correction. By
adding the time axis, we consider the three-dimensional
space to represent calculation steps for the TQC model.
In a three-dimensional space, a region of physical qubits
measured in a specific basis is called a defect. We pre-
pare a pair of defects to encode one logical qubit. Then,
in a TQC model, we can perform a desired calculation by
moving defects in the space [1]. This computation model
is called topological cluster state computation (TCSC),
and computation steps can be represented by defect pat-
terns in the three-dimensional space.
In TCSC, if the two defect patterns are topologically

equivalent, the represented two quantum computations
by the defect patterns are proven to be the same. We
can optimize the space for TCSC by using this property.
There have been found various transformations which do
not keep the topological equivalence, but still keep com-
putational equivalence [3].
Theoretically, we can optimize the necessary space (or,

volume) size for TCSC by applying transformation rules.
However, it is not fully automated to find a good order
of applying the rules up to today, and it is desirable to
have an automated software to do so [2].
The functionality of TCSC does not change when we

change the shape of each defect in anyway if we keep the
topology, e.g., we can bent and/or stretch it in anyway
without changing the functionality. Thus, if we consider
the exact shape of defects, we may need to consider infi-
nite possibilities of transformations. Thus, in this paper,
we propose an efficient way to represent a computation
for TCSC; we consider a loop for each defect, and we
maintain only the relationship between loops to repre-
sent a computation. We formulate the known transfor-
mations as changing the relationship of loops by using
simple set operations. Accordingly, we can have an au-
tomated optimization method based on our formulation.
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Figure 1: Rule 3.

Figure 2: Rule 4.

In the following, we explain our formulation and our op-
timization method with some preliminary experimental
results.

2 Space Optimization for the TCSC

2.1 Transformation Rules

Here, we denote some useful transformation rules
which can be used to reduce the space for TCSC. In our
formulation, each defect pattern is represented by a (open
or closed) loop. Each braid between two defect patterns
is represented by a crossing between the corresponding
two loops.
Rule 1. In TCSC, topologically equivalent defect pat-

terns perform the same computation. Therefore we can
bent and/or stretch the shape of any loop.
Rule 2. If there are two braids between two defects,

they cancel each other. Thus, we can remove even num-
ber of crossings between two loops.
Rule 3. If one loop, li, crosses only one loop, lj , we can

remove li. If li has injection points and/or input/outputs,
they move to lj . This rule is called teleporting. An ex-
ample is shown in Fig. 1.
Rule 4. If one loop, li, which does not have either

any injection point nor any input/output, crosses three
loops, we can remove li. Also we can remove one of the
three loops if it does not have either any injection point
nor any input/output. This rule can be described as in
Fig. 2.
Rule 5. This is similar to Rule 4. If one loop, li,

that does not have either any injection point nor any
input/output crosses two loops, we can remove li. Also
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Figure 3: Rule 5

(a) SWAP Circuit (b) Removing l7 and l2 by
Rule 4.

(c) Removing l5 and l6 by
Rule 5.

(d) Removing l8 and l3 by
Rule 5.

Figure 4: Optimizing SWAP circuit by our method.

we can remove one of the two loops if it does not have
either any injection point nor any input/output. This
rule can be described as in Fig. 3.

2.2 Optimization Method

As we mentioned before, topologically equivalent
defect patterns perform the equivalent computation.
Therefore, there are infinite equivalent defect patterns.
Accordingly, our method represents TCSC as a set of
loops; we can treat topological equivalent defect patterns
as the same set of loops.
We do not need to consider Rule 1 because we consider

the whole circuit as a set of loops, and thus we do not
need to care the geometry information of each defect,
such as size and position.
Our method is stated as follows:

• We find a loop, li, that does not have either any
injection point nor any input/output.

– If li crosses only one loop, we apply Rule 3 to
delete li.

– If li crosses only two loop, we apply Rule 5 to
delete loops.

– If li crosses only three loop, we apply Rule 4
to delete loops.

We show an example in the following.
Fig. 4 (a) shows the defect patterns of TCSC for re-

alizing SWAP operation. First, we remove l7 and l2 by
Rule 4 to get Fig. 4 (b). Then, we remove l6 and l5 by
Rule 5 to get Fig. 4 (c). Finally, we use Rule 5 again to
remove l8 and l3; Our optimized circuit is represented by
Fig. 4 (d). The circuit indeed swaps the inputs.

3 Preliminary Experimental Results and
Conclusion

We implemented the proposed method and performed
a preliminary experiment as follows. We first randomly

Table 1: Comparison between before and after our opti-
mization.

Quantum circuits ♯ loops
qubits gates ex in Before After (%)

10 10 1 0 30 1.00 96.7
10 10 1 10 30 8.84 70.5
10 10 10 0 30 6.38 78.7
10 10 5 5 30 4.55 84.8
10 10 10 10 30 17.82 40.6
100 100 1 0 300 1.00 99.7
100 100 1 100 300 92.94 69.0
100 100 100 0 300 51.84 82.7
100 100 50 50 300 36.49 87.8
100 100 100 100 300 221.45 26.2

generated 10,000 circuits for each specific case (i.e., the
number of qubits, gates, and external inputs/outputs,
and injectors). Then, we derived defect patterns from the
circuits, and reduced the number of loops by our method.
Table 1 shows the numbers of loops of the initial circuit
in the fifth column from the left, and the average (over
10,000 circuits) number of loops after our optimization
method in the sixth column. The specification of cir-
cuits (i.e., the number of qubits, gates, and external in-
puts/outputs, and injectors) of our randomly generate
circuits are given in the first to the fourth columns, in
this order. The last column show the average reduction
ratios.
From the experimental results, we can observe that the

number of loops after our optimization method would
be related to the number of primary inputs/outputs and
injectors. In our experiment, we confirmed that the order
of applying our rules does not affect the final results. In
our future work, we would like to study this feature (i.e.,
the order of applying the rules) further. Also, our future
work would be to seek how to reduce the volume of TCSC
after reducing the number of loops by our method.
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Abstract. Adiabatic quantum computation (AQC)[1, 2] was proposed by Farhi et al. to quickly solve
combinational optimization problems. However, there are only a few applications of AQC and we aim to
find more applications. In this study, we demonstrate the implementation of a method of classical optimal
decoding in digital communication using AQC. In particular, we consider classical optimal decoding of single
parity check codes. Moreover, we reduce the computational complexity and demonstrate the simulation
results.
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1 Introduction
Adiabatic quantum computation (AQC) using quan-

tum annealing theory[3] was proposed by Farhi et al. in
2002[1]. It was pointed out that AQC can solve combina-
tional optimization problems faster than classical compu-
tation. However, only a few problems are quickly solved
by AQC.
In this study, we consider implementing classical opti-

mal decoding of binary linear codes in digital communi-
cation by AQC. The computational complexity of classi-
cal optimal decoding increases exponentially as the code-
word length increases. An efficient calculation algorithm
for classical optimal decoding was presented[4]; however,
the algorithm could efficiently decode only some codes.
In the research of quantum ciphers called Keyed Commu-
nication in Quantum noise (KCQ)[5], classical optimal
decoding was used to evaluate the performance of KCQ
protocols using binary linear codes[6]; however, owing to
the high computational complexity of classical optimal
decoding, the performance of KCQ protocols could not
be evaluated. To solve these problems, we first demon-
strate how to implement classical optimal decoding by
AQC. In particular, we consider classical optimal decod-
ing of single parity check (SPC) codes that are used in
KCQ research[6]. Second, we reduce the computational
complexity by devising a step function and demonstrate
the numerical results.

2 Adiabatic quantum computation
(AQC)

In this section, we introduce AQC based on the
references[1, 2]. AQC uses quantum annealing theory[3]
and solves combinational optimization problems. In
AQC, the Hamiltonian is

H(t) =
(
1− q(t)

)
H0 + q(t)H1, (1)
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where H0 is an initial Hamiltonian whose ground state is
trivial, H1 is a final Hamiltonian whose ground state cor-
responds to the solution, and q(t) is monotone increasing
function that satisfies q(0) = 0 and q(1) = 1. We control
the Hamiltonian H(t) by varying the function q(t) = 0 to
q(t) = 1. AQC works by maintaining the quantum state
close to the instantaneous ground state of Eq.(1). Fi-
nally, we obtain the solution by finding the ground state
of H1; however, if there is a level crossing, quantum sys-
tems cannot keep the quantum state close to the ground
state.

3 Classical optimal decoding of binary
linear codes

In this study, we use binary phase shift keying (BPSK)
signals coded by binary linear codes, and we assume
that channel noise is an additive white Gaussian noise
(AWGN). AWGN is the most common model used in the
evaluation of KCQ protocols. To implement classical op-
timal decoding, we have to find the codeword that has
the maximum conditional probability as follows:

P (y|wi) =
n∏
j=1

1

2πσ2
e−|yj−wi,j |2/2σ2

, (2)

where y(y1, y2, . . . , yn), yj ∈ C is the output, n is the
codeword length, wi,j ∈ {−A,A} is the amplitude of the
BPSK signal, and σ2 is the variance of noise.

4 Classical optimal decoding by AQC
To implement classical optimal decoding by AQC, we

have to construct the Hamiltonian of Eq.(1) in accor-
dance with the problem. First, the H0 is constructed as
follows:

H0 = I2n − |ψ(0)⟩⟨ψ(0)| , (3)
where

|ψ(0)⟩ = 1√
2k

2k∑
i=1

|wi⟩ , |wi⟩ =
n⊗
j=1

|wi,j⟩ , (4)

|wi,j = A⟩ = (1, 0)T, |wi,j = −A⟩ = (0, 1)T, and IM is
theM×M identity matrix. Second, theH1 is constructed
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Figure 1: Behavior of the eigenvalues of Hamiltonian
when the codeword length n = 4.

so that its eigenvalues express the cost function of the
problem. The cost function is Eq.(2) in classical optimal
decoding. On finding the codeword wi that maximizes
Eq.(2), we can transform Eq.(2) as follows:

P ′(y|wi) =
n∑
j=1

(−2Re[yj ]wi,j + w2
i,j). (5)

The final Hamiltonian H1 is constructed based on Eq.(5)
and the property of SPC codes that states that no code-
words can have an odd number of 1.

H1 =
n∑
j=1

λj − c(n)
n⊗
j=1

(
σzi,j − I2

)
, (6)

where c(n) is a penalty function that is determined for
the problem, σzi,j is the Pauli matrix, and λj is

λj = I2 ⊗ I2 ⊗ · · ·⊗ (−2Ayjσ
z
i,j +A2σz2i,j)︸ ︷︷ ︸
jth

⊗ · · ·⊗ I2. (7)

5 Simulation
We examined the behavior of the eigenvalues of the

H(t) and simulated the behavior of observation proba-
bilities.

5.1 Problem setting

In simulating AQC, for simplicity we set the amplitude
A = 1, the output y = (1, 1, . . . , 1) and the variance of
noise σ2 = 1/2. We set the penalty function c(n) =
nAn to increase as the codeword length increased and
the amplitude grew. We prepared the step parameter
t = j/J, (0 ≤ j ≤ J) for simulation, where J is the
number of steps and corresponds to the computational
complexity. In this study, we compare the step functions
q(t) = t and q(t) = t3.

5.2 Behavior of the eigenvalues of the H(t)

Fig.1 shows that the behavior of the eigenvalues of
Hamiltonian when the codeword length n = 4. As ob-
served from the lower two lines, these do not cross be-
tween q(t) = 0 and q(t) = 1 and therefore, we can appro-
priately implement classical optimal decoding.

Figure 2: Observation probability when the number of
steps J = 800.

5.3 Simulation results

Fig.2 is the simulation result for AQC with each step
function q(t) when the number of steps J = 800 and
n = 8. Each of the blue lines represents a solution state.
When J = 800, we can obtain the |11111111⟩ state with
an observation probability of 99.02% with the step func-
tion q(t) = t3. On the other hand in AQC with the step
function q(t) = t, we obtain the state with an observation
probability of 89.58%. To achieve an observation proba-
bility of 99% with the step function q(t) = t, we need to
implement AQC with J ≈ 1700. From these results, it
can be observed that we can obtain a solution with higher
probability and reduce the computational complexity for
classical optimal decoding by using our proposed step
function q(t) = t3.

6 Conclusion

We considered implementing classical optimal decod-
ing of SPC codes by AQC. First, we demonstrated that
classical optimal decoding is apparently implemented by
using Hamiltonian proposed in this study. Second, we
can obtain the solution state vector with higher proba-
bility and lower number of steps than the conventional
step function q(t) = t by using the cubic step function.
In the future, we aim to consider the implementation of
classical optimal decoding with other codes by AQC.
Acknowledgment: This work has been supported in
part by KAKENHI (Grant Nos. 24360151, 16H04367).
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1 Introduction

In order to demonstrate the ability of quantum com-
puting in the near future, an efficient quantum algorithm
should be implemented. Since most of known quantum
algorithms include Boolean components, an efficient de-
sign technique for realization of a Boolean function is
very crucial even for quantum circuits.

There are many ways to design a reversible circuit to
realize a Boolean function; one of most popular ways is
to generate an initial circuit consisting of Mixed Polarity
Multiple-Control Toffoli (MPMCT) gates [1], [2] based on
a small Exclusive-or Sum-Of-Products (ESOP) expres-
sion [3] and then decompose a large gate (i.e., with the
large number of inputs) into elementary gates. Once an
initial circuit is obtained, further post-optimization tech-
niques such as library-based, transformation-based and
template-based optimization method can be applied [5].

This paper describes a technique to reduce the quan-
tum cost by changing the functionality of a Boolean func-
tion, represented as ESOP. This technique is of particular
interest since it is one of few in the literature (i.e., [4]),
that presents a way in which ESOP expressions can be
manipulated to reduce the quantum cost of the corre-
sponding circuit. The idea presented in [4] cannot be
simply applied to large practical functions. Thus, in this
paper, we propose a heuristic technique to utilize the
idea. Our proposed method find a small ESOP expres-
sions for the given function. Then, it will find a good
pair of product terms in the ESOP expression so that we
can reduce the quantum cost by applying the idea of [4]
to the two terms.

We expect that our approach may produce a better
quantum cost reduction than existing method, and in-
deed our experimentary results confirm this expectation.

2 Preliminaries

2.1 Quantum cost

For evaluating the performance of the quantum cir-
cuit synthesis, the most basic thing to do is to calculate
the quantum cost. The quantum cost of a reversible cir-
cuit is the number of premitive quantum gates needed
to implement the circuit. Primitive quantum gates are
elementary gates that are consist of two bits or less, such
as CNOT gates, NOT gates and control-V gates. Each
elementary gates are considered to have a unit cost.

2.2 Realizing Boolean function with MPMCT
Gates

A minterm of a Boolean function is the combina-
tion of all the input variables (negative or positive) when
the Boolean function becomes one. In the following, an
MPMCTn gate means an MPMCT gate that has n con-
trol bits.
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Table 1: A Truth Table for
a 4-input Boolean Function
with 4 Minterms

x1 x2 x3 x4 f(x)
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 1 0
0 1 0 0 0
0 1 0 1 1
0 1 1 0 1
0 1 1 1 0
1 0 0 0 0
1 0 0 1 1
1 0 1 0 1
1 0 1 1 0
1 1 0 0 0
1 1 0 1 0
1 1 1 0 0
1 1 1 1 0

Figure 1: The quantum cir-
cuit for Table 1

Figure 2: Grouping of gates

To realize an n-input Boolean function with k
minterms by a reversible circuit, one possible way is to
put k MPMCTn gates such that (1) each MPMCTn
gate corresponds to each minterm of the function, and
(2) the polarity of each control bit for an MPMCT gate
corresponds to each variable’s polarity in the correspond-
ing minterm. In other words, if xi or xi appears in a
minterm, the corresponding control bit is positive or neg-
ative, respectively. In this construction, the target bit of
all the MPMCTn gates is the same as the qubit where
we want to realize the function.

For instance, Table 1 shows a 4-input Boolean function
with 4 minterms, and the circuit in Fig. 1 realizes the
function: x2 ·x4 ·x1 ·x3⊕x2 ·x3 ·x1 ·x4⊕x1 ·x4 ·x2 ·x3⊕
x1 · x3 · x2 · x4. For example, the left most gate in Fig. 1
corresponds to x2 · x4 · x1 · x3; the control bits for x2 and
x4 are in the positive polarities denoted by black circles,
and x1 and x3 are in the negative polarities denoted by
white circles.

3 Better ESOP-based Implementation

3.1 Previous work

It has been shown in [4] that we can modify a given
specification in order to obtain a better ESOP-based im-
plementation, and then modifies the result to get back to
the originally desired specification/function. This justi-
fied us a way/approach in which ESOP expressions can
be manipulated to reduce the quantum cost of the cor-
responding circuit. However, the method in [4] cannot
deal with a large function. Motivated by this, this paper
proposes an iterative heuristic approach to reduce the
quantum cost of a large function.

3.2 Proposed Method

The idea behind our method that we first generate a
smaller versions of ESOP to the whole functions. We
group the product terms in the obtained ESOP by two,
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Figure 3: The insertion of a
CNOT gate

Figure 4: The insertion of
a CNOT gate (Group 1)

Figure 5: After the in-
sertion of a CNOT gate
(Group 1)

Figure 6: Final circuit
(Group 1)

and then apply the concept to each group of two product
terms. This involves adding MPMCT gates to the initial
quantum circuit as shown in Fig. 3

Let us take the example of circuit shown in Fig. 1 and
group the gates into two groups as shown in Fig. 2. For
the first group (two gates from the left, gate A and B),
if we insert an MPMCT gate whose negative control bit
is x4 and the target bit is x3 (i.e., a CNOT gate) be-
fore G′ as shown in Fig. 4, the inserted CNOT gate (the
control bit is x4 and the target bit x3) inverts the value
of x3 when x4 = 0. See Fig. 5. This means that the
gate changes the input state (0110) = x1, x2, x3, x4 to
x1, x2, x3, x4. Thus the two MPMCT gates (A and B)
can be merged into one new MPMCT gate as shown in
Fig. 6.

Similarly, for the second group (two gates from right,
gate C and D), if we insert an MPMCT gate whose posi-
tive control bit is x4 and the target bit is x3 (i.e., CNOT
gate) before G′, the inserted CNOT gate (the control bit
is x4 and the target bit x3) inverts the value of x3 when x4
= 1. See Fig. 7. and Fig. 8. Thus the gate changes the in-
put state (1001) = x1, x2, x3, x4 to x1, x2, x3, x4. There-
fore the two MPMCT gates (C and D) can be merged
into one new MPMCT gate as shown in Fig. 9.

Further, we would like to note that after applying the
CNOT gate in Fig. 3, the resulting states of the qubits
after the circuit are not exactly the same as the ones of
the desired circuit because we changed the functionality
of x3 by inserting the MPMCT gate. Therefore, we insert
the same MPMCT gate after G′ at the end of the circuit
as shown in Fig. 10.

Finally gates A, B, C and D in the circuit as shown in
Fig. 1 can be merged into two gates as shown in Fig. 10.
After applying the same MPMCT gate at the end of cir-
cuit in Fig. 10, the functionality of the resulting circuit
is exactly the same as the original circuit in Fig. 1. The
original quantum cost for Fig. 1 is 112 but now is reduced
to 30.

Figure 7: The insertion of
a CNOT gate (Group 2)

Figure 8: After the in-
sertion of a CNOT gate
(Group 2)

Figure 9: Final circuit
(Group 2)

Figure 10: Optimized
Circuit

Table 2: Experimental Results

Function Original Cost This Work (Proposed)
z4ml 573 513

9symml 3,429 1,563
alu2 13,011 10,248
alu4 496,980 38,3312

cordic 27,580,332 20,283,129

4 Experimental Results and Conclusions

To evaluate an ESOP-based synthesis method, we use
the program called as ABC. We can minimize ESOP
forms by ABC, and so we used the program as a base
method; we calculate the original quantum cost based on
the minimized ESOP forms by ABC. We applied our al-
gorithm to various benchmark circuits and compared our
results with the original cost. The outcome of the com-
parison (see Table 2) clearly shows that the proposed
method can reduce quantum cost.

From the results, we can observe that our proposed
method not only has the ability to produce a smaller
ESOP expression for the modified specification but also
can reach the result with much lower quantum cost. Ob-
viously our future work is to improve the resulting quan-
tum cost of other circuits.
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Abstract. Whether the Boltzman entropy is equal to the thermodynamic entropy has been one of the
central issue since the beginning of statistical mechanics. Today, it is believed that the thermodynamic
entropy STD is equal to a function S̃TD that is defined by regularizing the Boltzman entropy in order to
ensure extensivity. However, it is not known whether S̃TD completely determines the possibility of the
macroscopic adiabatic transformation in the same way as STD does. In this paper, by formulating possi-
bility of the macroscopic adiabatic transformations in terms of “coarse-graining” of quantum operations,
we prove that S̃TD provides a necessary and sufficient condition for possibility of a macroscopic adiabatic
transformation.
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1 Introduction

How the thermodynamic entropy STD is related to the
Boltzmann entropy SB has been one of the central issue
since the beginning of statistical mechanics. Today, it
is believed that the thermodynamic entropy is equal to
the following regularzied Boltzmann entropy S̃TD, which
is defined in terms of the Boltzmann entropy SB and is
extensive by definition [1];

S̃TD[U, V,N ] := lim
X→∞

SB [UX, V X,NX]

X
, (1)

where U , V and N , denoting the internal energy, the
volume and the number of particles, respectively. How-
ever, it is not known whether S̃TD completely determines
possibility and impossibility of a macroscopic adiabatic
transformation in the same way as STD. As stated by
the second law of thermodynamics, the thermodynamic
entropy STD satisfies the following statement [2];

(U, V,N) ≺aq (U ′, V ′, N)

⇔ STD[U, V,N ] ≤ STD[U
′, V ′, N ′]. (2)

where (U, V,N) ≺aq (U ′, V ′, N) means “an adiabatic
transformation from (U, V,N) to (U ′, V ′, N) is possible”.
In statistical mechanics field, many researches [3–

5] have demonstrated the “only if” part of (2) for
S̃TD[U, V,N ] by adopting certain formulations of “adi-
abatic operations”, while leaving the “if” part unproven.
On the other hand, recent approaches from quantum in-
formation theory [6–15] have succeeded in deriving de-
tailed thermodynamic relations, which characterize pos-
sibility and impossibility of quantum state transforma-
tions by a set of restricted operations. In their ap-
proaches, however, conditions for possibility of state
transformations are represented by not only the macro-
scopic parameters, but also the microscopic parameters
such as the fluctuation in microcanonical state. This is in
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†e.wakakuwa@gmail.com

contrast to (2), which is represented only by macroscopic
parameters.
In this paper, we propose a coarse-graining approach

to try the “if” part in (2), and show that S̃TD provides
a necessary and sufficient condition for possibility of a
macroscopic adiabatic transformation, i.e., a macroscopic
state transformation by adiabatic operations. First, we
pdefine the possibility of macroscopic adiabatic trans-
formations, based on a “coarse-graining” of possibility
of quantum state transformations by unital operations.
Second, we prove that the magnitude relation of S̃TD pro-
vides a necessary and sufficient condition for possibility
of a macroscopic adiabatic transformation.

2 Preliminaries

In this section, we clarify basic concepts of thermo-
dynamics and statistical mechanics. See e.g. [1, 2] for
details.
In thermodynamics, an equilibrium state is represented

by values of a set of macroscopic physical quantities such
as (U, V,N). In this abstract, we consider cases where
all these physical quantities are extensive, and where the
quantities include the internal energy, i.e., we represent
the equilibrium state as a⃗ := (U, a1, ..., aL).
As the second law of thermodynamics, the thermo-

dynamic entropy STD completely determines possibility
and impossibility of a macroscopic adiabatic transforma-
tion; a⃗ ≺aq a⃗′ ⇔ STD [⃗a] ≤ STD [⃗a

′], where a⃗ ≺aq a⃗′ to
represent the statement that “an adiabatic transforma-
tion from a⃗ to a⃗ is possible”.
Let us introduce the statistical mechanical counterpart

for the thermodynamic equilibrium a⃗. Since we are con-
cerning a macroscopic limit, we describe a physical sys-
tem by a Hilbert space H(X) depending on a scaling pa-
rameter X. The macroscopic limit is defined as the limit
of X → ∞. We assume that X takes values in a set
X = N or X = R+. For each X ∈ X and l = 0, · · · , L,
we denote the set of the Hermite operators on H(X) as
A⃗(X) := (H(X), A(X),[1], ..., A(X),[L]). Then, the micro-

72



canonical state corresponding to an equilibrium state a⃗

is defined by π̂
(X)
a⃗,δX

:= Π̂
(X)
a⃗,δX

/D
(X)
a⃗,δX

, where Π̂
(X)
a⃗,δX

and

D
(X)
a⃗,δX

are the projection and the dimension of the fol-

lowing H(X)
a⃗,δX

, which is a subspace of of H(X);

H(X)
a⃗,δX

:= span
{
|ψ⟩ ∈ H(X)

∣∣∣ ∃λ[l] ∈ [X(a[l] − δX),

X(a[l] + δX)) s.t. A(X)[l]|ψ⟩ = λ[l]|ψ⟩ for 0 ≤ l ≤ L
}
.

(3)

The parameter δX is a positive function of X, which
represents the negligible fluctuation of macroscopic quan-
tities. Since we are normalizing macroscopic observables
as (5), it is natural to assume that limX→∞ δX = 0.
Next, we introduce the regularized Boltzmann entropy.

When the limit S̃TD exists, we call it the regularized
Boltzmann entropy;

S̃TD [⃗a] := lim
X→∞

1

X
logD

(X)↓
a⃗ (4)

Here, D
(X)↓
a⃗ is the dimension of the following H(X)↓

a⃗ ;

H(X)
a⃗ := span

{
|ψ⟩ ∈ H(X)

∣∣∣ ∃λ[l] ≤ Xa[l],

s.t. A(X)[l]|ψ⟩ = λ[l]|ψ⟩ for 0 ≤ l ≤ L
}
, (5)

With concrete calculations, it has been shown that there
exists the limit S̃TD in many physical systems, e.g., gases
of particles with natural potentials including the van der
Waars potential [1].

3 Formulation of Possibility of Macro-
scopic Adiabatic Transformations

We propose a definition of the possibility of a macro-
scopic state transformation, by “coarse-graining” the
possibility of the quantum state transformation which
can be considered as a quantum mechanical counterpart
of the adiabatic transformation. We employ the unital
CPTP map E(1̂) = 1̂ as the quantum state transforma-
tion, because a unital map does not decrease the von
Neumann entropy of an arbitrary quantum state [16], i.e.,
S(E(ρ)) ≥ S(ρ) for all ρ ∈ S(H). Because this feature is
similar to the adiabatic transformation in thermodynam-
ics, many researches have treat the unital operation as a
quantum counterpart of the adiabatic transformation in
thermodynamics [5, 12,13].
Now, we give of the possibility of a macroscopic adia-

batic transformation. The basic idea is as follows;

Basic Idea 1 Suppose a microcanonical state π
(X)
a⃗,δX

is
transformed by a quantum operation EX to another mi-

crocanonical state π
(X)
a⃗′,δ′X

. From a macroscopic point of

view, we observe that an equilibrium state a⃗ is trans-
formed to another equilibrium state a⃗′, for any δX and
δ′X within the range of “macroscopically negligible fluc-
tuations”. Therefore, we could say that an equilibrium
state a⃗ can be transformed to another equilibrium state
a⃗′ if, for any macroscopically negligible δX and a δ′X , a

state π
(X)
a⃗,δX

can be transformed to π
(X)
a⃗′,δ′X

.

We translate the above idea into a strict definition;

Definition 1 We define a⃗ ≺ãq a⃗′ as follows; For any
{δX}X∈X ∈ ∆, there exists {δ′X}X∈X ∈ ∆ and a set
{EX}X∈X such that

lim
n→∞

∥∥∥EX(π̂
(X)
a⃗,δX

)− π̂
(X)

a⃗′,δ⃗′X

∥∥∥ = 0, (6)

and EX is a unital CPTP map on S(HX) for all X ∈ X .
Here, ∥ρ− σ∥ is the trace distance.

4 Main Results

Theorem 2 When the regularized Boltzmann entropy
S̃TD exists, the following holds for arbitrary a⃗ and a⃗′:

S̃TD [⃗a] ≤ S̃TD [⃗a
′] ⇔ a⃗ ≺ãq a⃗′. (7)

Theorem 2 states that S̃TD provides a necessary and
sufficient condition for possibility of a macroscopic adia-
batic transformation in the same way as STD does.
Our results shows that the regularized Boltzmann en-

tropy S̃TD gives a total ordered structure of macroscopic
adiabatic transforamtion, just as thermodynamic entropy
STD. We emphasize that our results do not depend on
any microscopic parameters, including δX that we have
introduced to define the generalized microcanonical state
π̂a⃗,δX . This is in contrast to Ref. [14], and other previous
approaches from quantum information theory [6–13, 15],
in which convertibility of states are characterized by func-
tions that depends on microscopic parameters.
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Abstract. We present a theory of quantum optical feedback from a single-photon quantum-dot (QD)
emitter embedded in a microcavity in the strong-coupling limit [1] with optical feedback from a distant
mirror (external cavity) [2].

Keywords: Single photon emitter, Quantum coherence feedback

1 Introduction

The basic phenomenon for quantum information pro-
cessing network relies on preserving the coherence ex-
change between atomic excitations and photonic state.
Nowadays, the network technologies for optical quantum
device relied on the pure interaction at the single parti-
cle level and it requires photon source that can reproduce
highly indistinguishable single photons. Recently, the ad-
vances in designing semiconductor devices allows fabri-
cating such devices that meet the requirement. A single
quantum dot (QD) embedded in a microcavities create
high-purity single photon with high brightness with the
enhancement of the cavity. Additionally, by adding quan-
tum feedback of this system can be driven to a target
state via external control of the target state by a mod-
ification of the repumping strength. The single photon
emitter has been shown to stabilize the exchange between
the quantum states and improve qubit control based on
the repeated action of a sensor-controller-actuator loop.

Here, We discuss a theory of quantum optical feedback
from a single-photon quantum-dot (QD) emitter embed-
ded in a microcavity in the strong-coupling limit [1] with
optical feedback from a distant mirror (external cavity)
[2]. Furthermore, we expand our study for single excita-
tion state to two-excitation state within the external cav-
ity system, we study the photon statistics of the device
and compare it to a single photon emitter without feed-
back. Our proposed quantum feedback control scheme
shows a potential route to improve the purity of the sin-
gle photon source.

2 Model

The system consists of a microcavity with a QD cou-
pled to a single-cavity mode (see Fig. 1). An external
mirror is placed in front of the single photon emitter at
distance, L = cτ

2 , to introduce coherent feedback into the
microcavity. The Hamiltonian within the rotating-wave
and dipole approximations is given in [3]:

Ĥ

~
= −γ(σ−a†+σ†a−)−

∫ ∞
0

[G(k, t)a†dk+G∗(k, t)d†ka]dk

∗cychang@gatech.edu
†david.citrin@ece.gatech.edu

Figure 1: Experimental scheme.

Thus, the system can be describe with superposition of
three orthogonal basis for single excitation:

|Ψ〉 = ce |e, 0, 0〉+ cg |g, 1, 0〉+

∫
cgk |g, 0, k〉dk (1)

Projecting the time-dependent Schrödinger equation
(i~ ∂

∂t |Ψ〉 = Ĥ |Ψ〉), the three rate equations for single
excitation are written:

∂ce
∂t

= iγcg (2)

∂cg
∂t

= iγce + i

∫
cg,kG(k, t)dk (3)

∂cg,k
∂t

= icgG
∗(k, t) (4)

Figure 2: (a) The photon density inside the cavity

|cg(t)|2 with feedback (red) and without quantum feed-
back (black).(b) The spectrum of the output photon

|cgk(t)|2 with external feedback (red) and without quan-
tum feedback (black).
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Next, We study the two-excitation states in our sys-
tem. A general time-dependent wavefunction for two-
excitation state is thus represent by superposition of each
state parameter:

|Ψ〉 = cec |e, 1, 0〉+

∫
cek |e, 0, k〉dk + ccc |g, 2, 0〉+∫

cck |g, 1, k〉dk +

∫ ∫
ckk′ |g, 0, {k, k′}〉dkdk′

Following the similar process for single excitation case,
we obtain five equations of motion for the various ampli-
tudes:

∂cec
∂t

= iγccc + i

∫
cekG(k, t)dk (5)

∂cek
∂t

= iγcck + icecG
∗(k, t) (6)

∂ccc
∂t

= iγcec + i

∫
cckG(k, t)dk (7)

∂cck
∂t

= iγcek + i

∫
ckk′G(k′, t)dk′ + icccG

∗(k, t) (8)

∂ckk′

∂t
= icck′G

∗(k, t) (9)

Figure 3: Time evolution of the probabilities of five states

3 Result and Conclusion

While Fig. 3 shows the dynamics of each state it is
more interesting to study the photon statistics due to
their coherent nature. Assuming that the probability of
emission of photons is proportional to the square of the
state coefficient and independent from the different mode
in the external cavity(green and orange), we can see such
setup may emit single photon between 0 and τ which are
from only one photon in the external cavity, for a photon
from these states, g(2)(t, 0) = 0 for a single photon source.

g(2)(t, τ) =
〈I(t)I(t+ τ)〉
〈I(t)〉 〈I(t+ τ)〉

.

The dynamic of the photon statistics can also be
characterized by an experimental observable quantity,
g(2)(t, τ), the second-order coherence of the excitation
light source in a typical HBT setup (inset of Fig. 4(a)).
The correlation function at times detector 1 and 2 can
be used to characterize the photon statistics,

The value of g(2)(t, 0) can be used to categorize the
quantum nature of the light: thermal if g(2)(t, 0) = 2,

coherent if g(2)(t, 0) = 1, or squeezed if g(2)(t, 0) = 0.2.
In the following, we consider g(2)(t,0) as is measured in

the HBT experiment. We define g
(2)
µ (t, τ) as that asso-

ciated with photons in the microcavity g
(2)
EC(t, τ) as that

associated with photons in the external cavity [3],

g(2)µ (t, 0) =

〈
a†a†aa

〉
〈a†a〉2

=
|ccc(t)|2∣∣∣|cec(t)|2 + |cec(t)|2 + |cec(t)|2

∣∣∣ ,
g
(2)
EC(t, 0) =

〈
d†kd
†
kdkdk

〉
〈
d†kdk

〉2 =
|ckk′(t)|2∣∣∣|cek(t)|2 + |cck(t)|2 + |ckk′(t)|2

∣∣∣ .
Here, we use our previous result in Fig. 3 to compute

g(2)(t, τ) shown in Fig.4(b) and compare with a continu-
ous single photon source in Fig. 4(a).

Figure 4: (a) The second order coherence function,
g(2)(t, 0), for continuous single photon source and (b)
g(2)(t, 0) for micro cavity photon (red) and an external
cavity photon (blue).

In conclusion, we performed a cQED simulation of a
single-photon emitter in a microcavity with time-delayed
optical feedback. The model extends the exact ana-
lytical solutions of the single excitation case [2] to the
two-excitation. Our results establish a future framework
for the theoretical description of feedback control in the
quantum limit of a quantum dot/micropillar coherent
feedback system. Such a scheme shows enhanced oscil-
lation. Our result also shows generating highly purity
and indistinguishable single photons that are desirable
for quantum network and large scale photonic quantum
computers.
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Abstract. Einstein-Podolsky-Rosen (EPR) steering is a quantum phenomenon associated with the ability
of spatially separated observers to steer — by means of local measurements — the assemblage, i.e., the set
of conditional quantum states accessible by a distant party. Inspired by the studies of Bell-nonlocality, we
introduce the concept of steering fraction, which quantifies the extent to which a given assemblage violates
a steering inequality. We then use this to establish (1) a sufficient condition for the superactivation of
steering and (2) an upper bound on the maximal quantum violation of steering inequality achievable by
arbitrary finite-dimensional maximally entangled state.
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From the famous Einstein-Podolsky-Rosen (EPR)
paradox [1] to Bell’s seminal discovery [2], quantum the-
ory has never failed to surprise us with its plethora
of intriguing phenomena and mind-boggling applica-
tions [3, 4]. Among those who made the bizarre nature of
quantum theory evident was Schrödinger, who not only
coined the term “entanglement”, but also pointed out
that quantum theory allows for steering [5]: through the
act of local measurements on one-half of an entangled
state, a party can remotely steer the set of (conditional)
quantum states accessible by the other party.

Taking a quantum information perspective, the
demonstration of steering can be viewed as the verifi-
cation of entanglement involving an untrusted party [6].
Imagine that two parties Alice and Bob share some quan-
tum states and Alice’s wants to convince Bob that the
shared state is entangled, but Bob doesn’t trust her. If
Alice can convince Bob the shared state indeed exhibits
EPR steering, then Bob would believe that they share
entanglement, as the latter is a prerequisite for steering.
Note, however, shared entanglement is generally insuffi-
cient to guarantee steerability. Interestingly, steerability
is actually a necessary but generally insufficient condition
for the demonstration of Bell-nonlocality. Hence, steer-
ing represents a form of quantum inseparability that is
intermediate between entanglement and Bell-nonlocality.

Apart from entanglement verification in a partially-
trusted scenario, steering has also found applications in
the distribution of secret keys in partially trusted sce-
nario [7]. From a resource perspective, the steerability
of a quantum state ρ, i.e, the extent to which a quan-
tum state can exhibit steering turns out to provide also
an indication for the usefulness of ρ in other quantum
information processing tasks. For instance, steerability
as quantified by steering robustness [8] is monotonously
related to the probability of success in the problem of
subchannel discrimination when one is restricted to local
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measurements aided by one-way communications. The
quantification of steerability is thus of relevance also in
quantum information.

In this work, inspired by the nonlocality fraction intro-
duced by Cavalcanti et al. [9], we introduce a quantifier
for steerability dubbed steering fraction, which is par-
ticularly suited for the studies of steerability in relation
to an arbitrary but fixed steering inequality [10, 11] or
steering functional. To this end, consider an assemblage
of (unnormalized) conditional quantum states

σ = {σax} = {trA(ρ(Ea|x ⊗ I))} (1)

and a steering functional F = {F ax } [11], where E =
{Ea|x} is the set of positive-operator-valued measure
(POVM) elements implemented by Alice on the shared
state ρ, I is the identity operating acting on Bob’s Hilbert
space, and trA is the partial trace over Alice’s Hilbert
space. We define the corresponding steering fraction as:

Γs(σ, F ) =
1

BC(F )

∑
x,a

tr(F axσ
a
x), (2)

where BC(F ) = supσ∈Ls

∑
x,a tr(F axσ

a
x) is the supremum

of the steering functional F over the set Ls of all assem-
blages describable by local hidden-state model [6, 11]. In
this form, the steerability of an assemblage σ (and hence
of the underlying state ρ giving rise to this assemblage)
for the given steering functional F is evident: the assem-
blage σ violates the steering inequality corresponding to
F if and only if Γs(σ, F ) > 1. From here, let us also
define—for any given state ρ and and steering functional
F—the largest steering violation corresponding to F as

LVρ(F ) = sup
E

Γs(σ(ρ,E), F ), (3)

where σ(ρ,E) is understood as the assemblage induced
by the state ρ and the set of POVMs E. Essentially,
this is just the largest steering fraction attainable by ρ
with respect to the steering inequality F . This can be
computed by maximizing Eq. (2) over Alice’s POVMs,
and hence the corresponding assemblages via Eq. (1).
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As any quantum experiments necessarily involves re-
peated measurements over many copies of the quantum
state ρ, a natural question that arises in this context is
the steerability of ρ compared with multiple copies of ρ,
i.e., ρ⊗k with k > 1. In particular, an interesting ques-
tion that one may ask is whether there exists ρ which is
non-steerable (and hence does not violate any steering in-
equality), but which becomes steerable if we allow joint
measurements on sufficiently many copies of the same
state. Following the terminology introduced by Palazue-
los [12] in the context of Bell-nonlocality, we say that
a quantum state ρ can be superactivated if it has the
aforementioned property, namely, that ρ is non-steerable
(and hence describable by a local-hidden-state model),
but ρ⊗k is steerable for some k > 1. The superactivation
of ρ for EPR-steering can be rephrased as:

LVρ(F ) ≤ 1 ∀F, (4a)

Γs(σ(ρ⊗k,E), F ′) > 1 for some k, E and F ′. (4b)

That superactivation is possible for Bell-nonlocality
was first demonstrated by Palazuelos [12] using the
isotropic state in C8 ⊗ C8 in conjunction with the so-
called Khot-Vishnoi (KV) game [13, 14] GKV. Their
result was soon generalized by Calvacanti et al. [9] to
show that all entangled isotropic states that are Bell-
local can be superactivated. Since there exist entangled
isotropic states that are non-steerable, and as mentioned
above, a quantum state that is Bell-nonlocal must also
exhibit steering, we know that there must also be entan-
gled isotropic states whose steerability can be superacti-
vated. Indeed, our calculations show that for any state
ρ acting on Cd ⊗ Cd, one can find a collection of POVM

Ẽ(k) = {Ẽ(k)
a|x} acting on Cdk (Alice’s side) and a steering

functional F̃KV induced by GKV such that:

Γs(σ(ρ⊗k, Ẽ(k)), F̃KV) ≥ C [Fmax(ρ)d]k

(log dk)2
, (5)

where Fmax(ρ) is the fully entangled fraction [15, 16] of
the state ρ. This implies that for any state that is non-
steerable but with Fmax(ρ) > 1

d (such as those entangled
but non-steerable isotropic states) must exhibit superac-
tivation of EPR steering via the steering functional FKV .
More generally, we establish the following result:

Theorem 1 Given a state ρ acting on Cd ⊗ Cd and a
steering functional F = {F ax ≥ 0}. A sufficient condition
for ρ to be k-copy F̃ -steerable (from Alice to Bob) is

Fmax(ρ) >

[
1

LVMES(F )

] 1
k

(6)

Here F̃ is a steering functional induced by F through the
operation of twirling and LVMES(F ) is the largest violation
(Eq. (3)) of maximally entangled pure states in Cd⊗Cd,

such as |Φd〉 = 1√
d

∑d−1
i=0 |i〉|i〉, with respect to F .

Notice that in the sufficient condition given above, the
right-hand-side is phrased in terms of the property of a

d-dimensional maximally entangled state, such as |Φd〉,
which illustrates once again the importance of the max-
imally entangled state as a benchmark for quantum in-
formation task. Apart from its own interest, Theorem 1
together with a simple physical argument imply the fol-
lowing estimate for LV πMES(F ), where π indicates only

projective POVMs are considered: (Hd =
∑d
i=1

1
i )

Corollary 2 For a steering functional F = {F ax ≥ 0}:

LV πMES(F ) ≤ d2

Hd +Hdd− d
. (7)

Note that the upper bound is less than d
log d , which is

the current finest upper bound for the largest Bell vi-
olation of maximally entangled states under projective
measurements [17]. Let us stress the generality of the
above corollary: it holds for arbitrary dimension d and
arbitrary steering functional that involves only positive
semidefinite operators. This upper bound is better than
Proposition 2.17 derived recently in [11] by a factor 1

log d .
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Visualizing the sets of 3-local and
3-quantum correlations

Rui-Yang You1 ∗ Denis Rosset1 2 † Yeong-Cherng Liang1 ‡
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Abstract. According to Bell’s theorem, quantum systems exhibit stronger correlations than
classical systems described by local hidden variables. In standard Bell scenarios, the local hid-
den variable is shared between all observers; consequently, the set of local correlations is convex.
Convexity also holds for the quantum set when sharing a multipartite state between all ob-
servers. In quantum networks however, resources have a distribution restricted according to a
specific topology; the resulting local and quantum sets are particularly difficult to characterize.
Considering the simplest cyclic quantum network, the triangle, we devise a method to sample a
three-dimensional slice of local and quantum sets.

Keywords: Quantum nonlocality, causal structures, n-locality, quantum networks, nonlinear
Bell-like inequalities

Bell’s theorem characterizes the scenarios where
all observers have access to the same resource. Con-
sider, for example, an experiment with three ob-
servers, who we name Alice, Bob and Charlie. The
measurement settings corresponding to these ob-
servers are written x, y and z, while the measure-
ment outcomes are written a, b and c. We write
the joint probability distribution P (abc|xyz) of ob-
serving outcomes (a, b, c) for the choice (x, y, z) of
measurement settings, where outcomes and settings
are taken from finite sets. Correlations are local if
they can be written:

P (abc|xyz) =

∫
Λ

dλρλ(λ)PA(a|xλ)PB(b|yλ)PC(c|zλ),

(1)
for suitable local response probabilities PA, PB, PC

and a local hidden variable λ taken from the set Λ
with distribution ρλ. With a suitable enumeration
of coefficients, the distribution P (abc|xyz) can be
written as a vector ~P ∈ Rn where n is the product
of the number of outcomes and settings.

Let L ⊂ Rn the set of all ~P obeying (1). It is
known that L is convex; specifically, L is a poly-
tope formed by the convex hull of a finite number
of vertices [1, 2]; alternatively, the polytope can be
converted to be represented as the intersection of
half-spaces, defining the Bell inequalities [3] reve-
lant to the scenario.

On the other hand, correlations are quantum if

∗l26041155@ncku.edu.tw
†denis.rosset@unige.ch
‡ycliang@mail.ncku.edu.tw

they can be written:

P (abc|xyz) = tr
[(
MA
a|x ⊗M

B
b|y ⊗M

C
c|z

)
ρABC

]
,

(2)

for suitable POVMs
{
MA
a|x

}
,
{
MB
b|y

}
,
{
MC
c|z

}
and

a density matrix ρABC. The quantum set is convex
as well and can be approximated by semidefinite
relaxations using the NPA hierarchy [4]; we write
Q ⊂ Rn the set of all ~P obeying (2).

Many algorithms exist to describe the boundary
of the local set, and, for visualization purposes, the
NPA hierarchy converges sufficiently well. How-
ever, when restricting the distribution of local hid-
den variables and states according to the topology
of a network, the problem is much harder.

A B

C

Figure 1: Three observers sharing bipartite re-
sources α, β, γ.

1 Sets of 3-local/3-quantum correlations

Let us now consider a network formed by three
sources and three observers, as in Figure 1. To sim-
plify the problem, we assume the observers always
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perform the same measurement, whose outcomes are
binary a, b, c = 0, 1.

When the sources are represented by local hidden
variables, the resulting set of correlations is given
by:

P (abc) =

∫
Λα

dα

∫
Λβ

dβ

∫
Λγ

dγρα(α)ρβ(β)ργ(γ)

·PA(a|βγ)PB(b|γα)PC(c|αβ). (3)

This set, which we write L3, is known not to be
convex [5, 6], and the characterization of its bound-
ary is not known apart from some entropic in-
equalites [6, 7].

To help in characterizing the set of those corre-
lations, we will consider the subspace of symmetric
correlations S = {~P |P (abc) = P (acb) = P (bca)} ⊂
R

8.
The subspace S can be represented in a three-

dimensional plot, as normalization shows that:

P (000) + 3P (001) + 3P (011) + P (111) = 1. (4)

The symmetric correlations Psingle, P=, P 6= are al-
ready studied [8]:

P (000) P (001) P (011) P (111) 3-local

Psingle 0 1/3 0 0 ?

P= 1/2 0 0 1/2 no

P 6= 0 1/6 1/6 0 yes

(5)

Sampling the 3-local correlations. — We
plot some of the established inequalities in that sce-
nario [8, 9], along with point cloud samples taken
at random in S ∩ L3 using the following method.
We draw the cardinality m of the sets Λ at random
between 2 and 15. We then take Λα = Λβ = Λγ =
{1, . . . ,m}, and draw a random discrete distribution
Pα(α). We also draw a random response function
PA(a|βγ). We reuse the distribution Pα for Pβ, Pγ
as well, and the response function PA for PB and
PC. This guarantees that the resulting correlations
are symmetric:

P (abc) =

m∑
α,β,γ=1

Pα(α)Pβ(β)Pγ(γ)

·PA(a|βγ)PB(b|γα)PC(c|αβ). (6)

We then repeat the process a sufficient number of
times to populate S ∩ L3.

Sampling the 3-quantum correlations. —
We follow the same reasoning for 3-quantum cor-
relations, where no state is shared by the three ob-
servers, only bipartite states ρA’B, ρB’C, ρC’A. To
start with, we draw a random qubit state ρA’B, along
with a random POVM element MAA’

0 corresponding
to the outcome a = 0. The same state is reused for
ρB’C, ρC’A, and the same POVM element for MBB’

0 ,
MCC’

0 . The resulting correlations are written:

P (abc) = tr
[

(ρA’B ⊗ ρB’C ⊗ ρC’A)

·
(
MAA’
a ⊗MBB’

b ⊗MCC’
c

) ]
, (7)

where the tensor product ordering is specified by the
indices.
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