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Random walk

Setup walk at a random vertex
Repeat T times
- Check if vertex solution. If so, halt.
- Update by walking to a random neighbor

T = Hitting Time(P, AQIS)
Cost = S+ T(C+U)



Random walk

Setup walk at a random vertex
Repeat T times
- Check if vertex solution. If so, halt.
- Update by walking to a random neighbor

T = Hitting Time(P, M)
Cost = S+ T(C+U)




Quantum Walk

Setup |init)

Repeat I times

- Update W

Cost = S + Tquantum (C + U)
Want: Tquantum = ‘\/Tclassical




Checking query (G)

Goal: Find a marked g

) -|x) if x is marked
—_ I X/, =
G Ix) otherwise
We can ask questions of the form: Refl(g) =1d - 2|oXdl
“Is vertex x marked or not?” Refllg)=1d-2 ¥ |oXal
g marked

€ = Prob[random vertex is marked]
<) N (_1)[x marked] )

1 query to G = 1 checking cost ) b) x) |b®[x marked])
Qlb) ~ (>bemarkedly oy
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Universal quantum algorithm

|counter) I +] I 4] T
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Wo Wi W>
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Universal quantum algorithm

linit) B W wl W

B final)

final) = (WG)' |init)

Total Cost

S+T(C+U)

S = Setup cost
C = Checking cost
U = Update cost

September 2017



A universal construction of W

X =X1X2X3 X4

Query: X2 =1
Query: Xz =1

0101

O
O001( 3
2
1001 | 4

(Wx|Wy)
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GHW
fnal) = (WG)T|init)

— A= | (WxWyx)

W = reflection about
+1 eigenspace of A
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Four algorithms

final) = (WG)T |init) Goal: Find a marked g
1-dim G m-dim G
1-dim W
Real unitary W
W = Refl(init) = 2|initXinit| - 1d Refl(g) = 1d - 2|gXq|
W = real unitary Refllg)=1d-2 X |gX9

g marked
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Two one-dimensional reflections

GHWH~ Findamarkedg l9)

1-dm G m-dim G init
1-dimW | now init)
Real W 0 l~\Ve
G =1d - 2|gXql
W = 2|initXinit| - Id
Refi(init) -Refl(g) = Rot (26)

[Refi(init)oRefi(g)]V/E init) =~ |g) (gllinit) =sin(e) =&

Cost(Rotate |init)by 90°) = S+ /1/e (C+U)
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Multiple solutions

GHHW Findamarkedqg linit)

1-dm G m-dim G
1-dim W | 2D rot now
Real W

Refilg)=1d-2 3 |oXq
g marked

W = 2|initXinit| - Id

Let |g1) = Zk loXol|init), normalized
g marked

Let [92) L |91 So, G |g2) =-192?
Then |g2) L |init) ~ So, W |g2) =-|g2)

WG |g2) = |g2)
WG rotates in { |init), |g1)}
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General W with unique solution
1-dim G m-dim G

GWj— Findamarkedg 1-dmW | 2Drot 2D rot
Refl(g) =1d - 2|gXq Real W | now
W real-valued
W [init) = [init)

P1 P2  P3 P4 P5 pP6
& 03 6 8, 02 6
= Cost(Rotate |init) by 90°)
= Cost(Phase estimation)
= QHT(W-Refi(q), |init))
= VHT = VHitting Time

W [init+) # |init*)

= init)

[WeRefi(Q) T Jinit) { o
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General W with unique solution
W real-valued +1(p1 +1_1
W |Iﬂ|t> _ |Iﬂ|t> W = P2 Reﬂ(lﬂlt) = -1
3 -1
W [initt) # |init*) i Pa i -1
Cost = S+VHT (C+U) Cost = S+ 1/ (C+ U)
- . - .
+ Eo +1_1
WE = E(pl-%cpz, 3 —1_1 = Refl(init)
i g7 i 1

[WE-Refl(g)]'"E [init) % |q)
Cost=S+1/e C+ /e EU
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General W with unique solution

Thm:  Wg) = [g*) for E= e HT
WEinit) = |init)
WE = Refl (init) by using phase estimation

Cor:  [Refl(init)-Refi(q) 1/ linit) 3% |g)

[WE-Refl(g)]'"E [init) % |q)
Cost=S+1/e C+ J1/e EU

AQIS 2017 Peter Hayer
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General W with unique solution

[Ref(init) *Refl(g) I'VE finit) % |g)

WGWGWGWG W GWGWGWGW G WGWGWGWG
W G W(G W)G(w G))W((G W)G(W Gw(G w))cs((w WG WGw G))

72\

Recursive form: U U-1 U

Do recursively: [Iigﬂ(init)oReﬂ(g)]W—E linit) = |g)

Cost=S+/1/eC+ JHT U



Overview

linit) —

AQIS 2017

— |final) = |g)
1-dim G m-dim G
1-dim W 2D rot 2D rot

Real W | Rec. Ampl. Ampl Mostly open

Cost(1-dim W) = S + 1/ (C + U)

Cost(real W) = S +/1/e C+ VHT U

Peter Hayer
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Random walk

Probability to transit
from 3 t0 5 = pses

/
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Random walk

Columns sum to 1
Connected

Stationary distr. Pm=TT
Reversible: p,.. 1, = py., T,

0201 2 .2 :
3 2 | 3 2
2 4 N
413 5.3 1 6
11 .6 3 N
2 2 | .4 N
2 3 2
1 9
N N




A non-reversible graph

Columns sumto 1

Mo =1/2 Connected
Stationary distr. Pm=TT
Reversible: p,.,.m, % py., T,

i =1/4 '\

s =1/4



Random walk

Columns sum to 1

Connected

Stationary distr. Pm=TT

Reversible: p,.. 1, = py., T,

€ = Prob [random vertex is marked
when picked from 7]

1/511/311/2

1/3 1/3 1/511/4 1/2

1/311/5 1/5

1/3 1/5

1/511/311/2 1/4 1/3

1/5 1/5 173 1/3

1/5 1/3

174 11/2 1/3

1/5 1/4 1/3




Ritting time

123 Unique marked vertex
- 134 Hitting Time €
Complete graph 1/¢ 1/N
2D Grid 1/€ - log(N)  1/N
3D Grid 1/¢€ 1/N
IN choose k] 1/€ - k (k/N)2
(Johnson graph) k = poly(N)

for our applications

Vertex = Subset of size k out of [N] =11, 2,...N}
Edge = Two subsets differ in one element

AQIS 2017 Peter Hayer
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Random walk

1721233 Columns sum to 1 Jm 0
45 1 0 01 Connected

P=]0 1 1 7 4l o Jistr: P Vit = /nz
NEITIE a |on.ary istr. PT=T
5 2 2 0 1 Reversible: pPyex Ty = Prey Ty 0 JTIN

D(P)=\VPT-P =1/ P/n
D(P)yex = VPyex Prey = {ylpx){x|py) =y, pyl px, x) =y, py| S| x, px)={y| T'S T | x)

(P3) yex = (W DPIWI/T D) yox = y|V TIST T'ST Ji/m | x)
= (y[Vr TIST TIST TIS T Vi/m %) = vy €y, py | (STTH3 | %, ped Vi/mix

=2 Pyex |Y> |X> = |X’ px> =D |X, Px XX, pX|
=Swap =2 |x, yXy, x| =2 |x, pxXx| =|d
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Quantum walk

Stationary distr: PTW=T —JPT-P =\1/m PVn
Reversible: Pyox Ty = Pyey Ty D( )y«-x =y, py[STT %, px) =y | T'ST|x)

W(P)=S(2TT'-1d)

- =s- 93

dwWk 71Px

&

TS0
=
=

=2 Pyex |Y> |X> = |X’ px> =D |X, Px XX, pX|
=Swap =2 |x, yXy, x| =2 |x, pxXx| =|d
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Quantum walk

Stationary distr: PTW=T —JPT-P =\1/m PVn
Reversible: Pyox Ty = Pyey Ty D( )y«-x =y, py[STT %, px) =y | T'ST|x)

W(P)=S(2TT'- 1d) final) = (WG)' |init) A=WG
—PxH S
_W_ = W
0P
B s e A N [ I
{GHWF = bl 14 e i A HAF

=2 Pyex |Y> |X> = |X’ px> =D |X, Px XX, pX|
=Swap =2 |x, yXy, x| =2 |x, pxXx| =|d
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Quantum walk

Stationary distr. PT=T D(P) =VPT-P" =\1i/m P"Vn
Reversible: Pyex Ty = Pxey Ty D(P’) yex = (}/, Py | STTJr | X, px> = (Y | TTST|X>

W(P)=S(2TT'- 1d) A=W(P)=S@ETTI-1d) A=WG
— ) —Im p L1 S

dWE = Px \i\v TAlL - u \ﬁ\v
—dQ— P I —(f:)—(f)— P

112 23 3 112[2/0]0
43100 43100

P= (0117 4 P'= |10/ 1100 Marked = {4, 5}
0240 2 02410
52201 51220 1

P = ZVPyex Iy? Thad=lxpd  TT =3 Ix peXx, pd

S=Swap=3 |x yXy,x| =2 Ix pxXx| T'T=1d
T=3 |u,puXul +2 [m,mXm|
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Quantum walk

D(P") yex = {y | T'S T x)
= (Y, py|STTT|X, px>

A=WFP)=SQ2TT'-1d)

— M — Pu

4AF =

T>=W

1131]00
321|000
D(P)= |11 .1]0 0
0/0]0|1]0
000101

T=3 |y puXul +2 [m mXm|

AQIS 2017

Spectra of D(P’) and W(P’):

Pick TISTAo =A A0 (A< 1)
Consider |A) = T A

W(P)IA)
=STT-1d)\)

= 2STT'AY - SIA)
=2STTIT A - SIA)
=2ST A - SIA\)

= 2S|A\)-SIA)

= SIA)

T=3 |y, puXul +2 [m mXm|

eter Hayer September 2017



Quantum walk

N f
D(PY) yex =y | T'ST] XT> Spectra of D(P’) and W(P’):
= Py [STT x i) Pick T'STAdo =A Ao (A< 1)
A=W(P)=S@2TT'™- I9) Consider |\) = T A

W(P)IA) = SI\)

— M — Pu

4AF =

T>=W

W(P") S|A)
—S2TT'-1d)S |A)

131100
32 11000 =2STTISIA) - [A)
N= 111 1l0 0 —
D(PT) = |00 ~2STT'STA -N)
0/]0/0]0]1 =2ANSTMA -|N\)
=2AS|N) - |N)

T=3 |y puXul +2 [m mXm|
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Quantum walk

D(P") yex = {y | T'S T x)
= (Y, py|STTT|X, px>

A=WFP)=SQ2TT'-1d)

— M —Pu

4AF =

T>=W

1130 1Jolo
32 1l00
D(P)= |11 1]0 0
oloJol1]0
olofolol1

T=3 |y, puXul +Zm mXm|

AQIS 2017

Spectra of D(P’) and W(P’):

Pick T'STA0 =Ado (A< 1)
Consider |\) =T Ao

W(P)IA) = SI\)
WP SIN) =2ASIA) - [N

W(P’) rotates 2D-subspace

{I\), SIN}
by angle

(A|SI\) =A = cos(0)

eter Hayer September 2017



Quantum walk

’ _ t
(P yor =y [ T'S T3 Hitting Time of D(P’) and W(P'):
= <y, Py E TT! |, px> Expected #steps to reach a marked vertex,
starting from the stationary distr. TT
A=W(P)=S(2TT'-1d)
D(P") /T
AL - M - Pu VSV_ . 0|0 b1
1A= ;L ;L Al Ao 0|0 b2
- ' 0|0 b3
TG O,0]0|1]0 o)
32 100 0j0jojo 0
D(PY= |1 1 110 0 )
(7] 0l0/0|1]0 P’ =/ D(P) V1/m
0/0|0]0 |1

JTT = b1£1 + bzgz + b3>€3

T=3 |y puXul +2 M mXm|

b2
HT = .
zj 1- Apj
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Quantum walk

QHT =

~

N

Probability

phase?

AQIS 2017

Hitting Time of D(P’) and W(P'):
Expected #steps to reach a marked vertex,
starting from the stationary distr. TT

W(P’) rotates |A1) by angle 81 = V1 - A1

since A1 = cos(61)

linit) = b1lA1)+ ba|A2) + bs|As)

bz'
OQHT = J
\/% 1- Aoj

Peter Hayer September 2017



Quantum walk

Stationary distr. PT=T D(P) =VPT-P" =\1i/m P"Vn
Reversible: Pyex Ty = Pxey Ty D(P’) yex (}/, Py | STTJr | X, px> = (Y | TTST|X>

W(P)=S(2TT'- 1d) A=W(P)=S@ETTI-1d) A=WG
Px 2 -m uH S
- {aF - 2
PI— P [

112 23 3 112[2/0]0
43100 43100

P= (0117 4 P'= |10/ 1100 Marked = {4, 5}
0240 2 02410
52201 51220 1

P = ZVPyex Iy? Thad=lxpd  TT =3 Ix peXx, pd

S=Swap=3 |x yXy,x| =2 Ix pxXx| T'T=1d
T=3 |u,puXul +2 [m,mXm|
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Quantum walk

D(P)=VPT-P =V1i/m PVn
D(P) yex = {y, py S TT'|x, pxd =y | T'ST|x)

Stationary distr: PT=10
Reversible: pyex Ty = Prey Ty

W(P) = S(2TT'- 1d)
1. W(P) linit) =linit)  for |init) = TVI/m @ = 3 VX, px)
S linit)  =linit)

2. W(P) acts on {|x, px, S|x, px)}
Dim(W) = 2 #vertices - 1

W is a walk on the directed edges (not vertices)

=2 Pyex |Y> |X> = |X’ px> =D |X, Px XX, pX|
=Swap =2 |x, yXy, x| =2 |x, pxXx| =|d

AQIS 2017
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Element distinctness

121671214110/ 9|7 2051 |16|17/ IN]=11,2,..., N}

Algorithm: final) = (WG)T init)
Pick k indices K C [N]

Setup S=k
Query oracle on K Check  C=0
Repeat Update U=1
Check for collision in K
. . N2
Replace one index in K C [N] HT = S

Query oracle on the new index
Cost = S+VHT(C +U)

= k+VN2/k (O+1)
= k + VN2/k

= N2/3  fork= N2/3
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ai A\ bi

2 (-1)

I anb
Z (_1)a./\b.

AQIS 2017

i) |ai>
) |0)

Non-Disjointness

' be{0 1N

O]1]0(0[110]1010]1]0]1

Jindexi:ai=bi=1"7

Bits sent
Trivial \
Random N log N

Q Search /N log N

September 2017



Non-Disjointness

. 10
O ac{O 1N t@ be {01} Jindexi:ai=bi=1"%
o[o[1]1]o o[1]o]o[1
111]0]0]1 0]0]0[1]0 Bits sent
olojo]1]o 1[1]0]o]1 —
1[olo[1]1 ol1]ololo Trivial N
olo[o[1]0 1]0]1]0]0 Random NlogN
| | Q Search N log N
cell cell 2D-Grid N log N
my cell contains 1
<

picks next eg

{left, above, right, below} Hitting Time on 2D-Grid

=N log N

— 90 1o the left gl
—
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Non-Disjointness

O ac{01 B befo1
OlO(11110 O[1(0[0[1
1111001 0|00} 1|0
O[O0 110 111(0(0[1
101011 01 1]0]0(0
0101010 110111010

IZIi> i)

Non-Disjointness can be solved
with VN qubits communicated

AQIS 2017 Peter Hayer

Jindexi:ai=bi=1"7

Bits sent
Trivial N
Random NlogN
Q Search N log N
2D-Grid  NlogN
Q 2D-Grid YN log N
3D-Grid N
Q 3D-Grid /N

Hitting Time on 3D-Grid
=\

September 2017
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Quantum search
Amplitude amplification
Phase Estimation

Lower bound
Upper bound
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State-transitive
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Controlled Walks

Disjointness
Elem. Distinctness
Triangle finding
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Thank you
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