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WHY RANDOM UNITARIES?
Random unitaries are very useful in QIP and in fundamental physics.



Applications in QIP

• Quantum communication

– Achieving Q. capacity [Hayden et al ‘07]

• Quantum computation

– Q. computational supremacy [Boixo ‘16].

• Experiments of quantum devices 

• Randomized benchmarking test [Knill et.al ‘08]

• Q. encryption, Q. algorithms, etc…
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In fundamental physics

• Thermalization in isolated Q. systems

– Pre-thermalization [Reimann ‘16]

• Quantum black holes

– “Scrambling” [Hayden&Preskill ‘07]

• Quantum chaos

– Out-of-time-ordered (OTO) correlators 
[Roberts&Yoshida ‘16]

A standard tool in QIP A key to understanding complex Q. systems
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• In QIP, unitary designs are as useful as Haar random unitaries.
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of dynamics.

– Thermal relaxation in isolated systems [Low ‘09]

– Quantifying quantum chaos [Roberts&Yoshida ‘16]

– If a Hamiltonian quickly generates designs, it may be a “dual” to 
quantum gravity [Kitaev ‘16?].
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Unitary group

E.g.) Heisenberg interaction, time-independent, local interactions…..

Talk by Zi-Wen Liu 
this morning 



TWO GOALS WHEN GENERATING DESIGNS

Goal: to find a “natural” many-body Hamiltonian that 
generates unitary designs as quickly as possible.

Goal: to generate unitary designs by Q. circuits 
as efficiently as possible.

In this talk, we especially consider 𝑁 ≫ 1, 𝑡 = 𝑂(1).



WHAT ARE KNOWN?

• Two constructions for 𝑡-designs (𝑡 ≥ 3) on 𝑁 qubits

Harrow and Low ‘09 Brandao et al ‘13 Our result

By 
Q. circuits

Methods QFT + classical TPE

# of gates
𝑂(𝑡3𝑁3)

(Brodsky&Hoory ‘13)

Works for 𝑡 = 𝑂(𝑁/ log𝑁)

By
Hamiltonia
n dynamics

(𝑁 ≫ 1)

Hamiltonian Not natural

Time-
dependence
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WHAT ARE KNOWN?

Our contribution is:
1. To construct more efficient q. circuits for designs.
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generating designs.
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• Random diagonal circuits (RDC(𝐼))

- The 𝜤 (a set of subsets in {1,…,N}) specifies where random diagonal gates are applied. 

Diagonal in 
the Z basis

RDC(𝑰)
1

2
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Q. CIRCUITS FOR DESIGNS –MAIN IDEA–

• Repeat RDC(𝐼) and the Hadamard gates 𝐻⨂𝑁, (2ℓ + 1) times.

– Random rotations around two complementary axes, 𝑍-axis and 𝑋-axis.

– Natural to expect that 𝑫[𝑰: ℓ] eventually bcomes a unitary design…. but for what 𝐼?
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2. 𝐼2 = { 𝑖, 𝑗 : 𝑖 ≠ 𝑗} : random diagonal gates on all pairs of 2 qubits.
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Suppose 𝑡 = 𝑂(𝑁/ log𝑁). 
Then, 𝐷[𝐼all: ℓ] is an 𝜖-approximate unitary 𝑡-design if ℓ ≥ 𝑂(𝑡 + log 1/𝜖).

• Proof by a quantum tensor-product expander [Hastings&Harrow’08].
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If 𝑡 = 𝑂 𝑁 ,

up to the 𝑡th order

If we can efficiently simulate diag𝑍 𝑒𝑖𝜃1 , … , 𝑒𝑖𝜃2𝑁 , 
up to the 𝑡th order, we obtain efficient unitary 
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Q. CIRCUITS FOR DESIGNS –THEOREM 2-

Theorem 2
Suppose 𝑡 = 𝑂 𝑁 . Then, the Q. circuit below is an 𝜖-approximate unitary 𝑡-
design with Θ(𝑁(𝑡𝑁 + log2(1/𝜖))) gates.

𝜑1𝜑1

𝜑2

𝜑1𝜑3

𝜑𝑁

𝜃12

𝜃13

𝜃1𝑁

𝜃23

𝜃2𝑁

(2𝑡 + 1)𝜑1𝐻

𝜑1

𝐻

𝐻

𝐻
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Theorem 2
Suppose 𝑡 = 𝑂 𝑁 . Then, the Q. circuit below is an 𝜖-approximate unitary 𝑡-
design with Θ(𝑁(𝑡𝑁 + log2(1/𝜖))) gates.

diag𝑍 1, 𝑒𝑖𝜑𝑘 (𝜑𝑘 ∈ {0,
2𝜋

𝑡+1
, … ,

2𝑡𝜋

𝑡+1
}) diag𝑧(1, 1,1, 𝑒

𝑖𝜃𝑘ℓ ) (𝜃𝑘ℓ ∈ {0,
2𝜋

𝑡/2 +1
,

4𝜋

𝑡/2 +1
, … ,

2𝑡𝜋

𝑡/2 +1
}).
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Design Hamiltonian

A 𝑡-design Hamiltonian is a family of Hamiltonian {𝐻𝜇}𝜇 such that the time-evolving 

operators {𝑒−𝑖𝐻𝜇𝑇}𝜇 is an 𝜖-approximate unitary 𝑡-design for any time 𝑇 ≥ 𝑇th. 

DESIGN HAMILTONIAN
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Corollary 3
Let 𝐻𝑋𝑍(𝑇) be a time-dependent Sherrington-Kirkpatrick spin-glass Hamiltonian, 

Then, the 𝐻𝑋𝑍(𝑇) is a 𝑡-design Hamiltonian where 𝑇th ≈ 2𝜋𝑡.
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– “Quick” generation of designs.
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DESIGN HAMILTONIAN

• The 𝐻𝑋𝑍(𝑇) is a 𝑡-design Hamiltonian with 𝑇th ≈ 2𝜋𝑡.

– “Quick” generation of designs.

– Time-dependent and all-to-all interactions.

• Generalizing the “fast scrambling conjecture” [Sekino&Susskind ‘08].

– Q. black holes are 2-design Hamiltonian with 𝑇th = 𝑂(log𝑁).

– ∀ time-independent 2-design Hamiltonians with local interactions, 𝑇th ≥ 𝑂(log𝑁).

Natural design Hamiltonian conjecture
∃ time-independent design Hamiltonians with local interactions, where 𝑇th = 𝑂(𝑡 log𝑁).



3. CONCLUSION AND OUTLOOK



CONCLUSION
• New efficient implementations of unitary designs.

– By Q. circuits with 𝑂(𝑡𝑁2) gates

– By the dynamics with weakly time-dependent spin-glass Hamiltonian.

• Proposed a design Hamiltonian.

Harrow and Low ‘09 Brandao et al ‘13 Our result

By 
Q. circuits

# of gates 𝑂(𝑡2𝑁2(𝑡𝑁 + log 1/𝜖)) 𝑂(𝑡9𝑁(𝑡𝑁 + log 1/𝜖)) 𝑂(𝑁(𝑡𝑁 + log 1/𝜖))

Works for 𝑡 = 𝑂(𝑁/ log𝑁) 𝑡 = 𝑂(poly𝑁) 𝑡 = 𝑂( 𝑁)

By
Hamiltonian 

dynamics

Hamiltonian Not natural NN interactions All-to-all spin-glass

Time-
dependence

N.A. Strong Weak



OUTLOOK

• Lower bound on the # of gates to achieve unitary t-design?

– Trivial bound is 𝑂(𝑡𝑁), even approximately.

– Fast scrambling conjecture claims it should be 𝑂 𝑁 log𝑁 for 2-designs.
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• Natural design Hamiltonian conjecture
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