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Abstract

We present a language L, which is recognizable by a probabilistic finite au-
tomaton (PFA) with probability 1 — € for all ¢ > 0 with O(log®>n) states, with
a deterministic finite automaton (DFA) with O(n) states, but a quantum finite
automaton (QFA) needs at least 29(?/1°87) gtates,

A PFA is generalization of DFA. Many authors have tried to find out ([AF98],
[Fre82], [Amb96], [Ras00] a. o.) the size advantages of PFA over DFA. On the other
side it is known (JANTSV98], [AF98]) that the size of reversible finite automata
(RFA) and the size of QFA exceed the size of the corresponding DFA almost expo-
nentially for some regular languages (i.e. for languages recognizable by DFA). And
so A. Ambainis, A. Nayak, A. Ta-Shma, U. Vazirani [ANTSV98] wrote:

Another open problem involves the blow up in size while simulat-
ing a I-way PFA by a 1-way QFA. The only known way for doing
this is by simulating the PFA by a 1-way DFA and then simulating
the DFA by a QFA. Both simulating a PFA by a DFA ([Amb96],
[Fre82], [Rab63]) and simulating DFA by a QFA (this paper) can in-
volve exponential or nearly exponential increase in size. This means
that the straightforward simulation of a probabilistic automaton by
a QFA (described above) could result in a doubly-exponential in-
crease in size. However, we do not known of any examples where
both transforming a PFA into a DFA and transforming a DFA into
a QFA cause big increases of size. Better simulations of PFA by
QFAs may well be possible.
We solve this problem.

We use the definition of 1-way QFA (further in text simply QFA) as in [AF98]
and [ANTSV98]. This model was first introduced in [KW97]. A RFA is a QFA
with elements only 0 and 1 in the matrices. A PFA is the same as a QFA but only
instead of unitary matrices it has stochastic ones. A DFA is a PFA with only 0 and
1 in the matrices. More exact definitions one can find, for example, in [AF98].

Our main result:

Theorem 1. For all k > 1, n = 2%k, we define language

L, ={we{0,1}" : 3z,y € {0,1}" : w = 200y }.
(0) There is a RFA (so also a QFA, a PFA and a DFA) that recognize L,,.
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(1) Any RFA that recognizes Ly, has at least 20" states.

(2) Any QFA that recognizes Ly, with probability p > 1/2, has at least 2 rw)
states.

(3) Any DFA that recognizes Ly, has at least O(n) states.

(4) For any € > 0, there is a PFA with O(log® n) states recognizing Ly, with
probability 1 — €.

Sketch of proof. Oth part. Easy.

1st part. We look words in form ajlaslaglaslaslagl...axl, where a; € {0,1}.
We prove that automaton always has to branch at every a;. Suppose contrary, there
is a; where automaton goes to the same state whether it read a; = 0 or a; = 1.
Then forward we give the next symbols 01"~2¢ and automaton cannot decide what
to answer. So it must branch for every a;, we can say it ”remembers” this bit. But
maybe it can merge (” forget”) afterwards? No, because it cannot merging with
the same symbol are forbidden by reversibility, but with different symbols by the
same reason as branching must occur.

2nd part. We use technique introduced in [ANTSV98] and ideas from Oth part
to show that there must be a serial quantum encoding of the a;s over bases states
and obtain such account of states.

3rd part. Evident.

4rd part. It easy to see that there is a simple deterministic automata that
recognize language where two Os are adjacent. The only problem is to compute
when there are exactly n symbols in the word. But this problem is solved by
Freivalds. Freivalds [Fre82] showed that there is a PFA that recognizes language
L,, consisting of one word a™ with arbitrary hight probability. We construct our
probabilistic automata to compute the both these things parallel. a

We have shown that sometimes quantum automata must be almost doubly ex-
ponential larger than classical automaton. As follows from result of Ambainis and
Freivalds [AF98], doubly exponential increase is the maximum for a QFA with high
enough (this was precisely computed by Ambainis and Kikusts [AKO1] - greater
than %ﬁ = 0.7726...) probability of success. But it is not clear how it is when
we allow smaller probability of correctness. Author do not now any lower or upper
bound in this case.
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