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We describe criteria for separability for states in the Hilbert space C™ ® C™ which
is convenient for application in computer algebra. We use the requirements for a
state in the Hilbert space C™ ® C™ for m,n € N to be entangled to find when states
evolving under the Hubbard model become entangled. We apply this criteria to de-
termine when states evolving under the Hubbard model become entangled. We also
give a SymbolicC++ implementation of the criteria and its application to the Hub-
bard model. We identify subspaces for which separable states remain separable and

subspaces for which entangled states remain entangled.

Let H; and Hs be two finite dimensional Hilbert spaces. The measure for entangle-

ment for pure states F(|u)(u|) is defined as follows
E([u)(u]) := Saim)(pr:) = Saim(z) (P1)
where the density operators are defined as
pr, = Trag, lu)(ul, Py = Tryy, [u)(ul
and
S(p) == —Trplog, p.

We found an equivalent form for the criteria for entanglement which is easier to

implement for computer algebra applications. Let m := dim(#y), n := dim(#Hz),
{1)2#,,j=0,1,....m—1}

be an orthonormal basis for H; and
{172, =0,1,....,n—1}

be an orthonormal basis for H,. Thus

{|j>7{1®|k>7{2,j:0,1,...,m—1,k:0,1,...,n—1}



is an orthonormal basis for H; ® Ho. We consider arbitrary normalized states |z) in

the Hilbert space H; ® Ho respectively. We can identify these states with the vectors

(205 21y - - » Znm_1)" € C™ as follows
m—1n—1 nm—1
12) =D ) ZinajlD)r, @ 15) 24 Yo lmlP=1
i=0 j=0 =0

Thus we see that the tensor product is equivalent to considering the Kronecker prod-

uct. To ensure that |z) is a product state we must have
Zin4jRkn+l = Rin4+17kn+j
1=0,1,....m—1, j=0,1,...,n—1,

k=i+1,i4+2,....m—1, l=j+1,7+2,....,n—1.

As an example we consider the Hubbard model. We wish to know when an entangled
state results for given parameters ¢t and U as well as the time 7 required for the system
to evolve to these states. SymbolicC++ can be used to implement our criteria. We
describe a SymbolicC++ program which gives the equations for separability for given

initial states under evolution of the Hubbard model.

Suppose H can be written as A ® L+ 1, ® Ay where Ay, Ay € M? and I, is the 2

times 2 identity matrix. Then
exp(—iH7T/h) = exp(—iHT/hA, @ I, —iHT/hl, @ A,)
= exp(—iH71/hA)) @ exp(—iHT/hA,).
In this case separable states remain separable under time evolution in the model, and

entangled states remain entangled under time evolution in the model. For the two

point Hubbard model we have

~

. 0 1
H:tUNOT®IQ+t]2®UNOT+dlag(U,0,0,U), UNOT = (1 0) .

The matrix diag(U,0,0,U) cannot be written in the form A ® I, + I, ® B. Thus we
conclude that some initial separable states evolve into entangled states under time

evolution in the model.



