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Since 1980’s, it has been a problem how to confirm
multipartite entanglement experimentally. Recently, we
have been given precious experimental data by efforts of
experimentalists [1,2]. Proper analysis of these experi-
mental data then becomes necessary, and as a result of
such analysis [3], the experimental data obtained by Pan
et al. [2] confirm the existence of genuinely three-particle
entanglement. However it was discussed that for other
experimental data there is a loophole problem in insist-
ing three-particle entanglement, and the loophole prob-
lem remains unresolved [4]. This means that there have
been not enough discussions about what kind of data are
at least needed for our purpose.

There have been many researches on the problem
that provide inequalities for functions of experimental
correlations [3–10]. Among them, much attention has
been paid to the expectations of Bell-Mermin operators
[11] for hybrid separable-inseparable states. The hy-
brid separable-inseparable states are depicted as follows.
Consider a partition of n-particle system {1, 2, . . ., n}
into k nonempty and disjoint subsets α1, . . . , αk, where∑k

i=1 |αi| = n, to which we refer as a k-partite split of the
system [12]. Let us now consider the density operators ρ
on H =

⊗n
j=1 Hj , where Hj represents the Hilbert space

with respect to particle j. Then all hybrid separable-
inseparable states with respect to partition α1, . . . , αk

can be written as

ρ =
∑

l

pl

(⊗k
i=1ρ

αi

l

)
, (pl ≥ 0,

∑
l

pl = 1), (1)

where ραi

l , ∀l are the density operators on the partial
Hilbert space

⊗
j∈αi

Hj . States (1) are called k-separable
with respect to the partition α1, . . . , αk.

Assuming k-partite split of the system without assum-
ing a specific partition, Werner and Wolf derived an up-
per bound 2(n−k)/2 for expectation values of n-particle
Bell-Mermin operators under the assumption that suit-
able partial transposes of the density operator are pos-
itive [10]. The inequality derived by Werner et al. is
indeed useful because we can determine the minimum
of k such that the given state is not k-separable [13].
Recently, Uffink presented an upper bound of quadratic
inequalities for partitions of the form {1}, {2, 3, . . . , n} as
tests for n-qubit entanglement [8].

We shall determine the optimal upper bound of ex-
pectations of Bell-Mermin operators for any partition of
the systems α1, . . . , αk. It turns out that this maximum
depends only on two parameters k and m, and not on
the detailed configuration of the partition, where m is
the number of particles which are not entangled with

any other particles. The maximum is 2(n+m−2k+1)/2, ex-
cept for the case that the system is fully separable. We
also determine the optimal upper bound of the quadratic
inequality proposed by Uffink for any partition of the
systems.

If we impose a condition on the observables, the op-
timal upper bound becomes as small as 2(n−2k+1)/2. It
is then shown that we can use a quadratic inequality
stronger than Uffink’s quadratic inequalities presented in
Ref. [8] as tests for multipartite entanglement in correla-
tion experiments.

In what follows, we determine the optimal upper
bounds of the expectations of Bell-Mermin operators for
hybrid separable-inseparable states with respect to par-
tition α1, . . . , αk. It is assumed that a measurement
with two outcomes, ±1, is performed on each particle.
Such a measurement is generally described by a positive-
operator-valued measure (POVM), {F+, F−}, F++F− =
1, F+, F− ≥ 0, and the corresponding observable is given
by a Hermitian operator A = F+ − F−, which has a
spectrum in [−1, 1]. We assume that for each particle j,
either of two such observables Aj or A′

j is chosen, where
−1 ≤ Aj , A

′
j ≤ 1, ∀j.

Let f(x, y) denote a function 1√
2
e−iπ/4(x + iy), x, y ∈

R. Note that this function is invertible, as x = �f −
�f, y = �f + �f . The Bell-Mermin operators BNn and
B′

Nn
are defined by [10,11]

f(BNn ,B′
Nn

) = ⊗n
j=1f(Aj , A

′
j), (2)

where Nn = {1, 2, . . ., n}. We also define Bα for any
subset α ⊂ Nn by

f(Bα,B′
α) = ⊗j∈αf(Aj , A

′
j). (3)

Without loss of generality, we assume that |αi| = 1 for
i ∈ Nm and |αi| ≥ 2 for i ∈ Nk\Nm.

With the above notations, we can derive, after some
theoretical calculations, the result that, for any state ρ
which is k-separable with respect to α1, . . . , αk,

(tr[ρBNn ])2 + (tr[ρB′
Nn

])2 ≤ 2n+m−2k+1. (4)

This inequality also implies

|tr[ρBNn ]| ≤ 2(n+m−2k+1)/2. (5)

It is known that |tr[ρBNn ]| ≤ 1 when the system is fully
separable [10]. Hence we obtain an upper bound

|tr[ρBNn ]| ≤



2(n+m−2k+1)/2 k < n

1 k = n.
(6)



The equality of the relation (6) holds when 〈Bαi〉 =
〈B′

αi
〉 = 1 for i ∈ Nm, 〈Bαi〉 = 〈B′

αi
〉 = 2(|αi|−2)/2 for

i ∈ Nk−1\Nm, and 〈Bαk〉 = 2(|αk|−1)/2. We can find
a state and Hermitian operators −1 ≤ Aj , A

′
j ≤ 1 that

satisfy the above relations [14]. Hence the bound (6) is
optimal. The maximum depends only on two parame-
ters k and m but not on the detailed configuration of the
partition.

For partitions of the form {1}, {2}, . . . , {m}, {m +
1, . . . , n}, the relation (6) leads to the result of Gisin
and Bechmann-Pasquinucci [6], i.e., the bound |〈BNn〉| ≤
2(n−m−1)/2(m ≤ n − 1). Noting that m ≤ k − 1 when
k < n, the relation (6) leads to the result of Werner
and Wolf [10], i.e., |〈BNn〉| ≤ 2(n−k)/2 by taking the
maximum over m with fixed k. Collins et al. consid-
ered the cases for partitions of the form {1}, {2}, {3, 4}
or {1, 2}, {3, 4} or {1}, {2, 3, 4} and presented the bounds
as

√
2,
√

2, 2, respectively [7]. These bounds are also de-
rived from the relation (6). In Ref. [8], Uffink considered
the case for partitions of the form {1}, {2, 3, . . . , n}, and
has presented a following quadratic inequality for testing
whether n-qubit states are fully entangled as

〈BNn〉2 + 〈B′
Nn

〉2 ≤ 2n−2. (7)

Actually, we can see that the relation (7) can be de-
rived not only for multiqubit systems but also for any
multipartite system. In what we should pay attention
to, we have to check that for all partitions of the form
{1, 2, . . . , r}, {r + 1, . . . , n}(1 ≤ r ≤ n), the optimal up-
per bounds are smaller than or equal to 2n−2, in order
to see that the relation (7) can be used as tests for n-
particle entanglement. By means of the relation (4), we
can prove that the violations of the relation (7) are indeed
a sufficient for confirming n-particle entangled states.

So far, we have shown the maximal values of cor-
relation functions over all observables satisfying −1 ≤
Aj , A

′
j ≤ 1. On the other hand, there may be the sit-

uations where we want to test the multiparticle entan-
glement on the assumption that we are sure about what
observables are measured in the experiment. In what
follows, we show that quite strong inequalities are ob-
tained if we impose the condition {Aj , A

′
j} = 0, which

is, for example, satisfied by a familiar choice Aj = σj
x

and Aj = σj
y. We can obtain the following proposition:

Proposition.— Under the conditions −1 ≤ Aj, A
′
j ≤ 1,

{Aj, A
′
j} = 0, ∀j, and that ρ is k-separable for partition

α1, α2, . . . , αk, the maximum value of |tr[ρBNn ]| over ρ,
Aj and A′

j is 2(n−2k+1)/2.
We also get the following:

(tr[ρBNn ])2 + (tr[ρBNn ])2 ≤ 2n−2k+1. (8)

From the relation (8), for k = 2 we get an inequality as
tests for n-particle entanglement by

〈BNn〉2 + 〈B′
Nn

〉2 ≤ 2n−3. (9)

Hence if the measurement setups are chosen as
{Aj, A

′
j} = 0, ∀j, then we can use the stronger inequal-

ity as tests for multipartite entanglement in comparison
with the relation (7).

In summary, we have derived the optimal upper bound
of the expectations of n-particle Bell-Mermin opera-
tors assuming that n-particle density operators are k-
separable, α1, α2, . . . , αk, by 2(n+m−2k+1)/2, where m is
the number of particles which are not entangled with any
other particles, except for the case that the system is fully
separable. If we impose a condition on the observables,
then the optimal upper bound becomes 2(n−2k+1)/2 and
then, we have derived inequalities stronger than those ob-
tained by Uffink as tests for multipartite entanglement in
correlation experiments.
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