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Abstract. An experimental approach is proposed for superdense coding to test the existence of entangle-
ment in NMR. This approach does not require any preparation of pseudo-pure state. The result suggests
either that the quantitative threshold must be introduced to the experiment to assure the existence of
entanglement or that the mathematical criterion for mixed state entanglement is unphysical.
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1 Introduction

Entanglement is a fundamental prerequisite for non-
local algorithms such as quantum teleportation [1] and
dense coding[2]. The seemingly successful demonstration
of bulk ensemble NMR quantum teleportation by Nielsen
et al. [3] has brought about the confusion on the exis-
tence of entanglement, because it uses, as most NMR ex-
periments do, a pseudo pure state created from a highly
mixed state, from which no entanglement can arise ac-
cording to the mathematical proof by Braunstein et al.
[4].

The controversy over NMR experiments focuses on
the separability of the density matrix evolved from the
pseudo-pure state due to extremely low nuclear spin po-
larization at room temperature. However, the initial spin
polarization can be enhanced to the extent where entan-
glement can exist according to the theoretical criterion by
lowering the temperature or using the dynamic nuclear
polarization. Therefore, NMR experiment with entangle-
ment is possible.

On the other hand, pseudo-pure state might have
conceptual problem in that different experiments are
summed up [5] or in-homogenous experiments are inte-
grated [6] and described by a single density operator.
Therefore some loss of information is inherent in the
pseudo-pure state and it might be inappropriate to rely
on the scheme when discussing such a dedicate issue as
the existence of entanglement. The motivation of this pa-
per is to examine the existence of entanglement in bulk
ensemble NMR experiments without introducing pseudo-
pure state.

2 Superdense coding experiment

As the simplest example of non-local experiments, let
us consider quantum superdense coding, whose circuit,
shown in Fig. 1, requires only two qubits. Its goal is to
transmit two classical bits of information from Alice to
Bob by sending a single qubit. For the unitary trans-
formation U , Alice chooses one of the four operations
{I, σx, σy, σz}, and the result of the Bell measurement
performed by Bob tells him Alice’s decision.
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Figure 1: A quantum circuit for superdense coding. Bold
vertical lines indicate the hand over of qubits, which cor-
respond to the transmissions in the original superdense
coding. The left part is Charles (C), who creates two-
qubit entangled state (stroke lines) and sends one (dashed
line) to the Alice (A) and the other (dashed-dotted line)
to Bob (B). In the middle part, Alice selects one of the
four unitary operations {I, σx, σy, σz} for U , and sends
her qubit to Bob. In the right part, Bob performs the
Bell measurement by converting the basis into the com-
putational basis and measuring each qubit. The result
contains two-bit classical information, from which Bob
can tell the choice of Alice on U .

We assume the initial state ρini = ρ1 ⊗ ρ2 with ρ1 =
ρ2 = p|0〉〈0| + (1 − p)|1〉〈1|, where p and 1 − p are the
probabilities for finding the quantum state of spin to be
|0〉 and |1〉, respectively, and p is related to the spin po-
larization ε through p = (1+ε)/2. At temperature T and
in a static magnetic field B0, thermal-equilibrium polar-
ization is given by εeq = tanh (γ�B0/2kT ), where γ is
the gyromagnetic ratio and k is the Boltzmann constant.

For the present case, the existence of entanglement,
which is supposed to be essential for successful super-
dense coding, will depend on the initial spin polarization
ε. From a mathematical separability criterion [7, 8], a
threshold εth =

√
2 − 1 ∼ 0.41 can be obtained for the

initial spin polarization necessary to create entanglement
between Alice and Bob. Considering the argument that
the entanglement is essential in order for such a non-
local experiment to be successful, the initial polarization
ε ought to be greater than this threshold. Unfortunately,
εth is five orders of magnitude larger than the thermal-
equilibrium polarization available in conventional liquid
state NMR experiments at room temperature. However
it is possible to obtain higher polarization than εth in
solid state even at moderate and conveniently-available



temperature by means of dynamic nuclear polarization
(DNP) [9, 10], by which we plan to realize solid-state
NMR quantum computing with high polarization.

3 Discussions

The problem is that the signals corresponding to a suc-
cessful superdense coding are observed even if there is no
entanglement according to the mathematical criterion.
There is no qualitative difference between the results of
the NMR experiments performed above and below the
threshold. The difference is only qualitative since the
measured signal intensity is proportional to ε. This fact
may raise discrepancy between the theoretical prognosis
and the experimental observations.

If we accept the mathematical non-separability crite-
rion for the existence of entanglement, it follows that
an experimental criterion has to be introduced for the
existence of entanglement based on the signal intensity
in order to keep consistency. The signal intensity for i-
th qubit is obtained from the reduced density operator
ρout

i = Trjρ
out
ij . In the case of U = I, the quantum cir-

cuit in Fig. 1 does nothing and obviously the input state
appears at the output as ρout

i = ρi (i = 1, 2). The sig-
nal intensity normalized by that of the fully polarized
case represents ε. Therefore the normalized signal inten-
sity which corresponds to the mathematical threshold is
given by εth. Other choices of U may change only the
sign of the signals and not their strength. Therefore the
threshold is independent from the choice of U .

If we adopt the threshold, we have to discard the ex-
perimental results with signal strength below εth. Al-
though we will be able to perform experiments above the
threshold in the near future, still the question remains if
the experiments below and above the threshold are fun-
damentally different in physics. If this is not the case,
the mathematical criterion for mixed state entanglement
based on the separability of the density operator is un-
physical.

4 Conclusions

We have not resolved the issue concerning the exsis-
tence of entanglement in NMR experimients. However,
we have clarified the issue by avoiding the conceptually
problematic psudo-pure state in constructing the super-
dense coding experiment. The source of the discrep-
ancy between the mathematical criterion and the physi-
cal observations concerning the existence of entanglement
might reside deep in the nature of mixed state.
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