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Abstract. The reduced dynamics is considered in the presence of initial correlations. First, the inference
given by Salgado and Sánchez-Gómez [1] is discussed in detail: The validity of the reduced dynamics with
no initial correlations is examined in the presence of initial correlations. Our analysis shows that the
reduced dynamics proposed by Štelmachovič and Bužek [2] must be adopted unless the joint dynamics is
locally unitary. Secondly, we will characterize the difference of the dynamics between with and without
initial correlations by taking a specific model, which implies the importance of initial correlations in the
reduced dynamics.
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The reduced dynamics for open quantum system can
be different from an unitary evolution: Generally, there
exists an interaction between a system of intererst S and
its environment E, and this causes the reduced dynamics
nonunitary. When studying the dynamics of an open
quantum system, it is usually assumed that no initial
correlations between system S and E exists: The density
operator of the total system S + E is factorable [3],

ρTOT = ρS ⊗ ρE, (1)

where ρS and ρE are the density operators of the system
S and E, respectively. This condition has been used in so
many models for open quantum system [4], so that the
reduced dynamics with no initial correlations has been
well analyzed. In particular, the reduced dynamics with
no initial correlations is always given by [4]

ρS(t) =
∑

µ

Wµ(t)ρSW †
µ(t)

(∑
µ

W †
µ(t)Wµ(t) = I

)
,

(2)
the form of which is known as the Kraus representa-
tion [5, 6]. On the other hand, such a separation like
Eq. (1) rather seems to be special case and more gener-
ally the reduced dynamics with initial correlations should
be considered [7]. The central issue of this work is how
such initial correlations give rise to change of the reduced
dynamics (2).

In the first place, we review the results in Refs. [2, 1],
generalizing them to include infinite dimensional cases
and clalifying the meaning of them [8]. We introduce the
correlation operator ρCOR defined as

ρCOR ≡ ρTOT − trEρTOT ⊗ trSρTOT. (3)

There exists no correlations if and only if ρCOR = 0,
hence, this operator clearly embodies a quantity of a cor-
relation between system S and E using a suitable norm.
Note that by its definition, correlation operator has a
property

trEρCOR = 0. (4)

Let the total system be initially in a state ρTOT(0) with
ρS ≡ trEρTOT(0), ρE = trSρTOT(0), and initial correla-
tion operator ρCOR ≡ ρTOT(0)−ρS⊗ρE. Notice that ρS ,
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reduced density operator, is nothing but the initial state
of system S. Decomposing the total system Hamilto-
nian HTOT into the system, environment and interaction
parts:

HTOT = HS ⊗ IE + IS ⊗HE + V, (5)

the total system evolves unitarily: ρTOT(t) =
UTOT(t)ρTOT(0)U†

TOT(t), where UTOT(t) =
exp(−iHTOTt). Then, the reduced dynamics reads

ρS(t) = trEUTOT(t)ρTOT(0)U†
TOT(t)

= trEUTOT(t)ρS ⊗ ρEU†
TOT(t) + δρS(t) (6)

where
δρS(t) = trEUTOT(t)ρCORU†

TOT(t). (7)

The first term of Eq. (6) is the same as that in the case
with no initial correlation, which will be expressed by
Kraus representation (2). It is the existence of the second
term, or Eq. (7), that will serve as a deviation in the
reduced dynamics between cases with and without initial
correlations [2]. However, when the joint dynamics is
locally unitary:

UTOT(t) = US(t)⊗ UE(t), (8)

with US(t) = exp(−iHSt), and UE(t) = exp(−iHEt), the
deviation (7) vanishes for any correlation ρCOR [1]:

δρS(t) = trE{US(t)⊗ UE(t)ρCORU†
S(t)⊗ U†

E(t)}
= US(t)trE{UE(t)ρCORU†

E(t)}U†
S(t)

= US(t)trE{ρCOR(0)}U†
S(t) = 0, (9)

where use has been made of the cyclic property of the
trace and Eq. (4). This means that there are no devia-
tions in the reduced dynamics between with and without
initial correlation. In other words, we can use the usual
formalism of the reduced dynamics of the case with no
initial correlations even if there exists an initial corre-
lation. However, the local-unitary evolution is quite a
special case in the reduced dynamcis. Notice that the
case of local-unitary evolution is equivalent to that with
no interaction between system S and E, i.e., V = 0.
It is natural to ask whether there are other evolution
with V 6= 0 than the local-unitary case where the same
property, i.e., δρS(t) = 0 for any ρCOR and t, holds. In



Ref. [8], we negatively gave the answer: We can prove
that there are no other dynamcis which has such a prop-
erty like in the case of local-unitary evolution. Namely,
if there exists an interaction V between system S and E,
the deviation (7) generally does not vanish and we have
to consider the effect of the initial correlation [9]. In the
following we give a sketch of the proof. Let us assume
that δρS(t) = 0, ∀t ∈ R and ∀ρCOR. Differentiating this
equation with respect to t, we obtain

trE[HTOT, ρCOR] = 0, (10)

at t = 0. Since trE[HS ⊗ IE, ρCOR] = [HS, trEρCOR] = 0
by Eq. (4) and trE[IS ⊗ HE, ρCOR] = 0 from the cyclic
property of trace, we have

trE[V, ρCOR] = 0. (11)

From an arbitrariness of ρCOR in this eqation, one can
conclude [10] that V has to vanish, which means the dy-
namics is locally unitary. In otherwords, there are no
other dynamics with V 6= 0 which has a property like in
the case of local-unitary evolution. Thus, we can say that
initial correlations play an important role in the reduced
dynamics in general situation V 6= 0.

Next we would like to discuss the difference of the dy-
namics between with and without initial correlations. Es-
pecially by taking a specific model [11], we consider var-
ious quantities such as the purity (or the entropy) of the
system, the quantity of the correlation and so on.

We acknowledge useful comments and valuable advices
from Prof. I. Ohba and Prof. H. Nakazato. We thank
Prof. M. Ozawa, Dr. D. Lapanik, and Dr. J. Shimamura
for the helpful discussions and fruitful comments. This
research was partially supported by a Grant-in-Aid for
JSPS Research Fellows and COE Research, MEXT.

References

[1] D. Salgado and J. L. Sánchez-Gómez. Comment on
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