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Abstract. Quantumcountingalgorithm can estimatethe numberof solutionsin a database.In this paper, we
analyzeits behaviors in thepresenceof decoherenceerrors.Weconstructtwo countingcircuitsin whichtheorderof
commutative gatesarealteredandshow that thebehaviors of circuitsaredifferentwhendecoherenceerrorsoccur.
On onecircuit, almostcorrectnumberof solutionsareobtainedandon theothercircuit, theestimatednumbersof
solutionsaremostly distributedover the correctoneandwrong countszeroand � , the numberof elements.We
analyzethatthesephenomenaresultfrom therotationoutsidetheGroverspacedueto decoherence.
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1 Intr oduction

At quantumcomputations,it is necessaryto performuni-
tary transformwith maintainingcoherency. Thereexist, how-
ever, decoherenceerrorsinevitably sothatdecoherenceof the
stateoccurs.Therefore,it is importantto analyzethebehav-
iors of quantumalgorithmswith decoherence.

Quantumcountingalgorithm[1] canestimatethe number
of solutionsin a searchspacequadraticallyfasterthanclas-
sical algorithmsby rotatingstatesin the Grover space.This
algorithmis constructedby utilizing Grover’sdatabasesearch
algorithm[2, 3] andquantumFouriertransform(QFT).How-
ever, whendecoherenceerrorsoccur, quantumstatesmoveout
of the Grover space. Hence,this rotation cannot be repre-
sentedin the Grover space,and this behavior hasbeenun-
known to thebestof ourknowledge.

In this paper, we analyzea behavior of quantumcounting
algorithmin the presenceof decoherenceerrors. In orderto
considerthe actionof this rotationoutsidethe Grover space,
we examinethe actionon an arbitrary initial stateandshow
thattwo wrongpeaksat0 and � frequency resultfrom thisro-
tation,where� is thenumberof elements.Moreover, in order
to analyzethepeaksof probabilitydistribution, we construct
two quantumcountingcircuitswith alteringtheorderof com-
mutative gates.Behaviors aredifferentandwe show that this
reasonresultsfrom the actionof rotationoutsidethe Grover
space.Fromour results,wecanreferto theimportanceof the
orderof quantumgatesfor constructingtheeffectivequantum
circuitsandanalyzingthebehaviors of circuitsexactly.

2 Preliminaries

2.1 Grover’s databasesearch algorithm
Grover’s databasesearchalgorithm[2, 3] searches“good”

element,or “solution”, in unordered� elementswith 	�

� ���
operations.Supposethereare � solutionsand ������� . This
algorithmconsistsof repeatedapplicationof Grover iteration�

onGrover space with thebasis��� ����� � !"�$# definedasfollows.
Let thestatesof solutionsbe � � � �%�"&'&"&'� � �)(*� andnon-solutions� !�(,+ � ���"&"&'&"�-� !/.0� . WedividetheHilbert space1 into thedirect
sumof two subspaces132 and 154 .1326�7� � � �98;:':":-8<� �)(*���=154>�?� !%(,+ � �98;:':":-8<� !/.@��& (1)A
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UsingtheseHilbert spaces,let thestates� �C� ( � !"� ) bethesuper-
positionof solutions(non-solutions)to thesearchprogram:� ���D� E� � F

good

� GH��IJ132K�L� !"�D� E� �NMO� F
bad

� GH�>IJ154"� (2)

where“good” indicatesthe set of solutionsand “bad” non-
solutions.TheGrover spaceis spannedby � ��� and � !"� .

On this space,Groveroperator
�

consistsof two steps:

1. Apply P � : � �C�DQRSMT� �C�%�-� !'�DQRU� !'�
2. Apply P �0V �W
X�Y� Z)��[\Z��]M_^�� where � Z)� V � �` .ba .dc �e-f9gh� G9� .

TheoperatorP � flips thesignof thegoodstates,andis called
Oracleoperator. The operator P � flips againstthe average� Z)� . Then, Grover operator

� �iP � P � . �
is also repre-

sentedas jlk/monCp nrqts_pM nrqtsLpuk/monCp�v in theGroverspacewith thebasis��� ����� � !"�$# , where nwqts 
 pKx �K�D�zy � x � .

2.2 Quantum counting algorithm

Brassardet al. [1] devised the fast quantumalgorithm to
count the numberof solutions � in � elements. The quan-
tum countingalgorithm is basedon the Grover’s algorithm
and QFT. The Grover’s algorithm hasa period relatedto pdeterminedby � , andQFT estimatesthisperiod.

On the quantumcountingcircuit in Figure1,
�

is applied
to {}| E

qubitsand p is estimatedby using ~ qubits. Let the
resultof measurementbe �� . Theangleof iteration

�
equals

to �p ��
��� x)� �r�)� , so that the numberof solutionsequalsto��D��� nrqts � 
 �pox �K����� nwqts � 
��� x�� �X� .

�D�\�/�o��D�X��L� �
qubits �@���-��� �D�*� ���

B�6����
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Figure1: Quantumcountingcircuit (a)
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Figure2: Quantumcountingcircuit (b)



2.3 Decoherenceerrors

We considerthe depolarizingchannelas the decoherence
error model [4]: at eachstep,we apply Pauli gate � e �$�Y� or��� to eachqubit independentlywith probability ~ x)� , or leave
it unchanged.Theinfluenceof decoherenceerrorsdependon
the productof the depthandthe numberof qubitsof the cir-
cuit [5].

3 Arbitrary initial state

Quantumcountingestimatesaphaseof Grover iteration
�

.
However, whendecoherenceerrorsoccur, thestatesmoveout
of theGrover space.We examinetheactionof

�
outsidethe

Grover spaceby consideringthearbitraryinitial state.
For simplicity, we limit ourselvesto thecasedim 1325�z�

anddim 154L�;� . Let anarbitraryinitial state:� �L���¡ D� �C�9|¢ H£X� ¤ 2 �¥|¢¦9� !"�¥|l¦o£X� ¤ 4 �%� (3)

where � ¤ 2 �%I91 2 
%� ¤ 4 �%IH1 4 � is the unequalsuperpositionof
good(bad)stateswhich satisfies[§�9� ¤ 2 �r��[¨!�� ¤ 4 �r�6© , [,¤ 2 � ¤ 2 �r�[,¤ 4 � ¤ 4 �r� E

. � ¤ 2 � and � ¤ 4 � areuniquelydefineddueto Gram-
Schmidtorthogonalization.TheoracleoperatorP � actsasP � V � �C�DQRSMT� ����� � ¤ 2 �ªQRSMT� ¤ 2 ��� � !"�DQRU� !"�%�-� ¤ 4 �DQRU� ¤ 4 �%� (4)

since P � only flips thestatesbelongingto 1 2 .
WeapplyGrover iteration

� �«P � P � to theinitial state(3):� �L�­¬QR j¢k/mKnYp nwqts�pM nrqtsLp®k"mKnCp¯v j   ¦ v 8l  £ 8;M_¦ £ & (5)

Therefore,this vector spacecan be decomposedinto three
subspaces��� �C�%�-� !'�$# , ��� ¤ 2 �$# and ��� ¤ 4 �%# undertheoperator

�
.

Let the angleobtainedon quantumcountingbe �p . From
above rotation (5), eachangle �p of the rotation

�
equalstop �w© or � in eachsubspace��� �C�%�-� !"�%# , ��� ¤-2)�$# or ��� ¤)4%�$# , respec-

tively. Therefore,accordingto ��°�7� nwq±s � 
 �p�x �K� , thenumber
of solutions ��D��� , © and � areobtainedwith highprobability
in thepresenceof decoherenceerrors.

4 Peakson quantum counting

We constructedtwo quantum counting circuits in Fig-
ure 1, 2. On two circuits, the orderof quantumgates

�
are

different. Thesegatesarecommutative with no error, so that
thebehaviors of two circuitsareexactly thesamein thiscase.

4.1 Probability amplitude on two circuits

We did experimentson QuantumComputationSimulation
System(QCSS)[4] with 10000trials. Figure3 and4 show
the resultsof our simulationon quantumcountingto count
thenumberof solutionssatisfying Gb² E � , where G is in the
range ³ ©C�$´ �)µ . Figure 3 and 4 representthe probability that
the numberof solutions �� is obtainedwith decoherenceerror
rate ¶·� E © c�¸ on Circuit (a) andCircuit (b), respectively. As
shown in thesefigures,thebehaviorsof two circuitsarediffer-
ent. On Circuit (a), countsnearcorrectone13 areobtained.
Ontheotherhand,onCircuit (b),wrongcounts0 and �¹��´�º
areobtainedwith high probability. Furthermore,the correct
numberof solutionsareobtainedwith higherprobability on
Circuit (a) thanon Circuit (b). We clarify thephenomena.

4.2 Discussionof the reasonfor the peaks

Assumethe decoherenceoccursin lower half of Circuit
(b) where

�
is applied. Then,statesturn out of the Grover

space,e.g., � ¤-2)� or � ¤-4%� space.Notice that the original quan-
tum countingprocessescontainsuchpart as a�»½¼ � ¾¨�/� ¿À�ÁQRa »]¼ � ¾\� � » � ¿Â� . Let ¾ V � a¡Ã c �Ä f9g0¾ Ä � Ä 
X¾ Ä � � ©C� E #�� , then
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Figure3: Probabilitywith ¶Æ� E © c�¸ on Circuit (a)
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Figure4: Probabilitywith ¶�� E © cÇ¸ on Circuit (b)� » � � » � � � » � :":': � � �"�o� » �"�o� . Each

� �rÈ » È correspondsto con-
trolled unitarygatein Figure2 andis arrangedin turn. Next,
considerthecasewhenoneerrorgateÉ is sandwichedwithin
thesecontrolledgatesequence:� » � � � » � :':": � �$Ê �o� » Ê �o� É � �%Ê » Ê :':": � � �/�o� » �/�o� & (6)

In our model,decoherenceis treatedasdepolarizingchannel.
Hence,wecanassumeÉË�;^�ÌÂ:":':\Ì­^ÍÌ3��ÎHÌ·^ÍÌÀ:':":\Ì·^�

Ï��G=�rÐH�%Ño� . Thentheexpression(6) canberepresentedasÉ � £ » � � £ � » � :":": � £ �%Ê �o� » Ê �o� � �%Ê » Ê :":': � � �/�o� » �/�o� � (7)

where
� £ V �WÉ c � � É . Namely, every controlled-

�
after the

errorgate É is modifiedto thecontrolled-
� £ . As a result,the

quantumcountingcircuit with decoherenceerrorsestimates
thephaseswhich correspondnot only to therotationof

�
but

alsothatof
� £ . When

� £ is applied,thewrongcounts0 and� arefrequentlyestimatedfrom Section3.
The probability that É is appliedfirst after

� �%Ê
is 
X� Î ME � x 
¨� Ã M E �%& Thus,this probability becomeshigh when Ï is

near~ . This meansthatbits of themeasurementresultexcept
theupperonesarechangedinto anotherbitsassociatedwith 0
and � from Figure2.

Similarly, on Circuit (a), thelower bits of measurementre-
sult arechangedinto anotherbits. Thus,thecountsnearcor-
rectoneareobtainedwith high probability. In addition,there
aremeasurementresultsnearcorrectone that �� obtainedby
calculatingtheseresultsequalsto thecorrectcounts� , sothat
correctcountis obtainedwith higherprobabilityonCircuit (a)
than on Circuit (b). As a result, Circuit (a) is more robust
againstdecoherenceerrorsthanCircuit (b).
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