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Abstract.

Quantumcountingalgorithm can estimatethe numberof solutionsin a database.In this paper we

analyzeits behaiorsin thepresencef decoherencerrors.We constructwo countingcircuitsin whichthe orderof
commutatve gatesarealteredandshow thatthe behaiors of circuits aredifferentwhendecoherencerrorsoccut
On onecircuit, almostcorrectnumberof solutionsare obtainedandon the othercircuit, the estimatechumbersof
solutionsare mostlfl]distributed over the correctoneandwrong countszeroand N, the numberof elements.We

analyzethatthesep

enomenaesultfrom therotationoutsidethe Grover spacedueto decoherence.
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1 Intr oduction

At quantumcomputationsit is necessaryo performuni-
tary transformwith maintainingcohereng. Thereexist, how-
ever, decoherencerrorsinevitably sothatdecoherencef the
stateoccurs. Therefore,it is importantto analyzethe beha-
iors of quantumalgorithmswith decoherence.

Quantumcountingalgorithm[1] canestimatethe number
of solutionsin a searchspacequadraticallyfasterthan clas-
sical algorithmsby rotating statesin the Grover space. This
algorithmis constructedy utilizing Grover'sdatabassearch
algorithm[2, 3] andquantumFouriertransform(QFT). How-
ever, whendecoherencerrorsoccur quantunstatesnove out
of the Grover space. Hence,this rotation can not be repre-
sentedin the Grover space,and this behaior hasbeenun-
known to the bestof our knowledge.

In this paper we analyzea behaior of quantumcounting
algorithmin the presencef decoherencerrors. In orderto
considerthe actionof this rotationoutsidethe Grover space,
we examinethe actionon an arbitraryinitial stateand shav
thattwo wrongpeaksatO andN frequeng resultfrom thisro-
tation,whereN isthenumberof elementsMoreover, in order
to analyzethe peaksof probability distribution, we construct
two quantumcountingcircuitswith alteringthe orderof com-
mutatie gates.Behaviors aredifferentandwe show thatthis
reasonresultsfrom the actionof rotationoutsidethe Grover
space Fromour results we canreferto theimportanceof the
orderof quantumgatesor constructinghe effective quantum
circuitsandanalyzingthe behaiors of circuitsexactly.

2 Preliminaries

2.1 Grover'sdatabasesearch algorithm

Grover's databaseearchalgorithm([2, 3] searche$good”
elementpr “solution”, in unorderedV elementsvith O(v/N)
operations.Supposédherearet solutionsand N = 2™. This
algorithmconsistsof repeatedapplicationof Grover iteration
G onGrover spacewith thebasis{|g), |b)} definedasfollows.
Let the statesof solutionsbe|gy), . . ., |g:) andnon-solutions
|bty1),-- -, |bn). WedividetheHilbert spaceH into thedirect
sumof two subspace${, and™,.

Hg=191)© - @ |g¢), Hp = |bsy1) ®--- D |by). (1)
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UsingtheseHilbert spaceslet thestatedg) (|b)) bethesuper
positionof solutions(non-solutions}o the searchprogram:

1 1
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\/E good N-—t bad
where“good” indicatesthe setof solutionsand “bad” non-
solutions.The Grover spaces spannedy |g) and|b).
Onthis spaceGrover operatorG consistof two steps:

1. Apply Uy : [g) — —lg),[b) — |b)

2. Apply Us := (2s)(s|—I) wherels) := —= 577 |«).
Theoperatort; flips thesignof thegoodstatesandis called
Oracleoperator The operatorU, flips againstthe average
|s). Then, Grover operatorG = U,U;. G is alsorepre-
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{l9),|b)}, wheresin(8/2) = /t/N.

2.2 Quantum counting algorithm

Brassardet al. [1] devised the fast quantumalgorithmto
countthe numberof solutionst in N elements. The quan-
tum countingalgorithmis basedon the Grover’s algorithm
and QFT. The Grover’s algorithm hasa period relatedto 6
determinedby ¢, andQFT estimateshis period.

On the quantumcountingcircuit in Figurel, G is applied
ton + 1 qubitsandé is estimatediy usingp qubits. Let the
resultof measuremente ¢. Theangleof iterationG equals
to # = (p/P)2w, sothatthe numberof solutionsequalsto

i = Nsin?(8/2) = Nsin?(3/P)n.

sentedas( ) in theGrover spacewith thebasis

P ® =
qubits 7 "—T—"-+| FI=
Figurel: Quantumcountingcircuit (a)
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Figure2: Quantumcountingcircuit (b)



2.3 Decoheenceerrors

We considerthe depolarizingchannelas the decoherence
error model[4]: at eachstep,we apply Pauli gateo,, o, or
o, to eachqubitindependentlyith probability p/3, or leave
it unchangedTheinfluenceof decoherencerrorsdependon
the productof the depthandthe numberof qubitsof the cir-
cuit [5].

3 Arbitrary initial state

Quantumcountingestimates phaseof Grover iterationG.
However, whendecoherencerrorsoccut the statesnove out
of the Grover space.We examinethe actionof G outsidethe
Grover spaceby consideringhearbitraryinitial state.

For simplicity, we limit ourselhesto the casedim H, > 2
anddim H, > 2. Letanarbitraryinitial state:

) = ulg) + u'leg) +v[b) +v'les), ®3)

where |e,)eH, (es)€Hs) is the unequalsuperpositionof
good(bad)stateswhich satisfies(g|e,)=(b|es)=0, {e4|eq)=
(evles)=1. |ey) and|ey) areuniquely defineddueto Gram-
SchmidtorthogonalizationThe oracleoperatorl/; actsas

Ui :lg) = —lg)leq) = —leg), [b) = [b), [es) = les), (4)

sinceU; only flips the statedelongingto H,,.
We applyGroveriterationG = U,Uy; totheinitial state(3):

02 (5l ) (eve—.  ®

—sinf
Therefore, this vector spacecan be decomposednto three
subspace$|g), |b)}, {|es)} and{|e;)} underthe operatorG.

Let the angle obtainedon quantumcountingbe 8. From

above rotation (5), eachangled of the rotation G equalsto
6,0 or m in eachsubspace|g), |b) }. {|eg)} or {|es)}, respec-

tively. Thereforeaccordingto = N sin?(4/2), the number

of solutionst = ¢, 0 and NV areobtainedwith high probability
in the presencef decoherencerrors.

4 Peakson quantum counting

We constructedtwo quantum counting circuits in Fig-
ure 1, 2. Ontwo circuits, the orderof quantumgatesG are
different. Thesegatesarecommutatve with no error, sothat
thebehaiors of two circuitsareexactly the samein this case.

4.1 Probability amplitude on two circuits

We did experimentson QuantumComputationSimulation
System(QCSS)[4] with 10000trials. Figure 3 and4 showv
the resultsof our simulationon quantumcountingto count
the numberof solutionssatisfyingz < 12, wherez is in the
range[0,63]. Figure 3 and 4 representhe probability that
the numberof solutionst is obtainedwith decoherencerror
rated = 10~* on Circuit (a) andCircuit (b), respectiely. As
shawvn in thesdigures thebehaiors of two circuitsarediffer-
ent. On Circuit (a), countsnearcorrectone 13 are obtained.
Ontheotherhand,on Circuit (b), wrongcountsO and N = 64
are obtainedwith high probability Furthermorethe correct
numberof solutionsare obtainedwith higherprobability on
Circuit (a) thanon Circuit (b). We clarify the phenomena.

4.2 Discussionof the reasonfor the peaks

Assumethe decoherenceccursin lower half of Circuit
(b) whereG is applied. Then, statesturn out of the Grover
spaceg.g.,|e,) Or |ey) space.Notice thatthe original quan-
tum countingprocessesontainsuchpartas)_, |l)|m) —

S INGHmY. Letl = P 1,21, = {0,1}), then
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Figure3: Probabilitywith d = 10~ on Circuit (a)
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Figure4: Probabilitywith d = 10~ on Circuit (b)

G' = G G2 ...G? " 'lr-1, EachG?'li correspondso con-
trolled unitary gatein Figure2 andis arrangedn turn. Next,
considetthecasewhenoneerrorgateD is sandwichedvithin
thesecontrolledgatesequence:

GG ... pEth .G T - (6)

In our model,decoherences treatedasdepolarizingchannel.
HencewecanassumeD = I®--- QIR0 QI®---QI(k =
z,y, z). Thentheexpression6) canberepresenteds

DG/l0G12l1 . G’Qk_llk—l szlk . G2p_1l:,,_1, (7)

whereG’ := D~1GD. Namely every controlled afterthe

errorgateD is modifiedto thecontrolled&’. As aresult,the

quantumcountingcircuit with decoherencerrorsestimates
the phasesvhich corresponadhotonly to therotationof G but

alsothatof G'. WhenG’ is applied,the wrong countsO and

N arefrequentlyestimatedrom Section3.

The probability that D is appliedfirst after G2* is (2F —
1)/(27 — 1). Thus, this probability becomesigh whenk is
nearp. This meanghatbits of the measuremerresultexcept
theupperonesarechangednto anothemits associatedvith 0
andN from Figure2.

Similarly, on Circuit (a), thelower bits of measuremente-
sultarechangednto anotherbits. Thus,the countsnearcor-
rectoneareobtainedwith high probability. In addition,there
are measurementesultsnearcorrectone that ¢ obtainedby
calculatingtheseresultsequalsto the correctcountst, sothat
correctcountis obtainedwith higherprobabilityon Circuit (a)
thanon Circuit (b). As a result, Circuit (a) is more robust
againstdecoherencerrorsthanCircuit (b).
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